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1. In tro duc tion

This pa per pres ents a sim ple model of con duc tion elec trons in a sand wich struc ture
A-B-A-B-A-B-A, where B is a very nar row sin gle crys tal line layer em bed ded in (be ing
lat tice-matched on both its sides with) a bulk crys tal A. Ne glect ing space charge ef fects
and adopt ing the Wannier one band ap prox i ma tion [1], one can di a gram mat i cally rep re -
sent the sand wich struc ture A-B-A-B-A-B-A by the flat-band scheme shown in Fig. 1 (the
hor i zon tal full lines in Fig. 1 cor re spond to the lower bound ary of the con duc tion band in
the re gions A and B). Thus, the three nar row lay ers B em bed ded in the bulk crys tal A are
mod elled by the one-di men sional rect an gu lar bar ri ers. In the case of the very nar row layer 
B, one can for mally let the width of the rect an gu lar bar rier tend to the zero and, si mul ta -
neously, its height tends to the in fin ity whilst keep ing their prod uct to be con stant. Then,
the po ten tial-en ergy func tion rep re sent ing the rect an gu lar bar rier in Fig. 1 be comes the
delta-func tion whose strength g is equal to the prod uct of the width and the height of the
orig i nal rect an gu lar bar rier. Though the delta-func tion is a very sim pli fied form of the
orig i nal po ten tial-en ergy func tion, it still en ables one to get a proper in sight into the trans -
mis sions through the nar row and high bar rier struc tures [2-6]. There fore, it must be also
in ter est ing for one to find the an a lyt i cal so lu tion of the trans mis sion prob lem through the
sym met ri cal tri ple delta-bar rier. The trans mis sions through the tri ple rect an gu lar bar rier
were stud ied in [7-11]. How ever, the trans mis sion co ef fi cient for the tri ple rect an gu lar
bar rier ap pears to be very in tri cate. A very sim ple ex pres sion for the trans mis sion co ef fi -
cient is pre sented in this pa per.

The or gani sa tion of this pa per is as fol lows. In the next sec tion, the Schrödinger wave
equa tion is em ployed to ob tain the wave func tion for the po ten tial-en ergy func tion, which
cor re sponds to the lim it ing case of the rect an gu lar tri ple bar rier struc ture shown in Fig. 1.
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In the third sec tion, the wave func tion is used to de rive an an a lyt i cal for mula of the trans -
mis sion co ef fi cient for the sym met ri cal tri ple delta-bar rier. Some at trib utes of the trans -
mis sion co ef fi cient are also pre sented in the third sec tion. The fourth sec tion is de voted to
dis cus sion.

2. So lu tion of the Schrödinger equa tion

The one-di men sional sta tion ary Schrödinger wave equa tion,
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is solved for the po ten tial-en ergy func tion
U x g x a g x g x a( ) ( ) ( ) ( )= + + + -d d d  .

Here x rep re sents the spa tial vari able, E is the en ergy of a par ti cle (a con duc tion elec tron),
m is its ef fec tive mass, h is the re duced Planck con stant, d( )x  is the Dirac delta-func tion, g is 
its strength (a pos i tive value of the strength cor re sponds to the bar rier, while a neg a tive
value would cor re spond to the well), 2a is the width ofthe tri ple delta-bar rier.

Ev i dently, the wave func tion j( )x  is to be sought in the form of plane waves run ning
from the left to the right and vice versa, i.e.
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Here Q( )x  is the Heaviside step func tion (Q( )x = 0 if x < 0 and Q( )x = 1 if x > 0). The sub -
script I re fers to the spa tial re gion ( , )-¥ -a  that is on the left-hand side of the tri ple
delta-bar rier, the sub script II to the spa tial re gion ( , )-a 0 , the sub script III to the spa tial re -
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Fig. 1. Sche matic di a gram of the elec tron po ten tial en ergy in the tri ple bar rier struc ture.



gion ( , )0 a  and the sub script IV to the spa tial re gion ( , )a ¥  that is on the righthand side of
the tri ple delta-bar rier. The sym bols A
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IV
 rep re sent the am pli -

tudes of those two plane waves in these four spa tial re gions. The pos i tive wave num ber k is
in tro duced by the re la tion E k m= h 2 2 2/ .

Sub ject ing the wave func tion j( )x  to the con nec tion for mu las at the points x a1 = - , 
x2 0=  and x a3 = +  (Ap pen dix), one fi nally ob tains that the wave func tion on the lefthand
side of the tri ple delta-bar rier can be writ ten in the form
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and on the right-hand side in the form
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Here the quan ti ties t k( ) and r k( ) are, re spec tively, given by the re la tions
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and k = 2 2mg / h .
Ev i dently, AI is the am pli tude of the plane wave im ping ing upon the tri ple delta-bar rier 

from the left-hand side, r k A( ) I  is the am pli tude of its re flected wave and t k A( ) I  is the am -
pli tude of its trans mit ted wave; BIV is the am pli tude of the plane wave im ping ing upon the
tri ple delta-bar rier from the right-hand side, -r k t k B t k* ( ) ( ) / * ( )IV  is the am pli tude of its
re flected wave and t k B( ) IV  is the am pli tude of its trans mit ted wave. The quan ti ties t k( )
and r k( ), re spec tively, rep re sent the trans mis sion and re flec tion am pli tude (ac tu ally, r k( )
is the re flec tion am pli tude from the left and -r k t k t k* ( ) ( ) / * ( ) is the re flec tion am pli tude
from the right, they dif fer only in a phase). The trans mis sion co ef fi cient is de fined by the
re la tion T k t k t k( ) * ( ) ( )= . The re flec tion co ef fi cient can be ob tained from the well-known 
re la tion, namely  R k r k r k T k( ) * ( ) ( ) ( )= = -1 .

 3. Trans mis sion co ef fi cient

Af ter straight for ward al ge bra one can de rive a for mula of the trans mis sion co ef fi cient
for the sym met ri cal tri ple delta-bar rier,
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In the limit a ® 0, the three delta-bar ri ers join into a sin gle delta-bar rier,
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where T k0 ( ) is the trans mis sion co ef fi cient for the sin gle delta-bar rier of the strength 3g.
In the limit k ® 0, one gets
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1, if ka = -1 or if ka = -3 . Con se quently, 
the trans mis sion co ef fi cient for the sym met ri cal tri ple delta-bar rier has its ab so lute min i -
mum at the value k = +0 . Only the trans mis sion co ef fi cient for the sym met ri cal tri ple
delta-well of the strength g ma= -h 2 2/  or the strength g ma= -3 22h /  would have its ab so -
lute max i mum at the value k = +0 .

Ev i dently, the trans mis sion co ef fi cient T k( ) has an in fi nite num ber of ab so lute max -
ima, T kmax ( ) = 1. They take place at all the pos i tive val ues of the wave num ber k that are de -
ter mined by the max i mum (res o nance) con di tion,

( cos( ) sin( ))2 02 2k ka ka k+ - =k  .

This equa tion im me di ately yields the as ymp totic value of the ab scissa of the nth max i mum
of the func tion T k( ). It tends ei ther to the value ka n= + -p p/ ( ) /3 1 2, where n = 1 3 5, , ,..., or 
to the value ka n= + -2 3 2 2p p/ ( ) / , where n = 2 4 6, , ,... . To find min ima of the trans mis -
sion co ef fi cient T k( ), one has to dif fer en ti ate the func tion T k( ) and to equate its first de riv a -
tive to the zero. Thus,

dT k

dk

a T k

k
k ka ka k

( ) ( )
{( cos( ) sin( )) }@ + - ´

k
k

2 2

6

2 22

´ + +( cos( ) sin( )( sin( ) cos( ))2 2k ka ka k ka kak k  .

To ob tain this very sim ple ex pres sion for the first de riv a tive, one has to keep only the term
that is pro por tional to the width of the tri ple delta-bar rier. Ev i dently, this ap prox i ma tion is
jus ti fi able only in the case of the trans mis sions through the wide tri ple delta-bar rier, i.e.
when 1<< ka .

So, the rel a tive min ima of the trans mis sion co ef fi cient T k( ) should ap prox i mately oc -
cur at the pos i tive val ues of the wave num ber k that obey one of the min i mum con di tions,
      2 0k ka kacos( ) sin( )+ =k  ,                2 0k ka kasin( ) cos( )- =k  .

When the first min i mum con di tion is sat is fied the trans mis sion co ef fi cient T k( ) can be
ar ranged into the form
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It is easy to show that T k T ks0 ( ) ( )min< , i.e. the trans mis sion co ef fi cient for the sym -
met ri cal tri ple delta-bar rier in its shal low min ima (Figs. 2a and 2b) is greater than the
trans mis sion co ef fi cient for the sin gle delta-bar rier of the three fold strength. One also ob -
tain from the min i mum con di tion that the ab scissa of the nth shal low min i mum of the
func tion T k( ) tends to the value ka n= + -p p/ ( )2 1 , where n = 1 2 3, , ,... . 

When the sec ond min i mum con di tion is sat is fied the trans mis sion co ef fi cient T k( ) can
be ar ranged into the form
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It is easy to show that T k T kd min ( ) ( )< 0 , i.e. the trans mis sion co ef fi cient for the sym -
met ri cal tri ple delta-bar rier in its deep min ima (Figs. 2a and 2b) is smaller than the trans -
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mis sion co ef fi cient for the sin gle delta-bar rier of the three fold strength. The ab scissa of
the nth deep min i mum of the func tion T k( ) ap proaches the value ka n= p, where 
n = 1 2 3, , , ... .

It should be re called that the res o nant tun nel ling, i.e. an ideal trans mis sion (with out a
re flec tion) through a multibarrier struc ture is a re sult of the con struc tive in ter fer ence be -
tween the waves just trans mit ting through the sin gle bar rier and those be ing re flected off
the next bar ri ers ([12] and ref er ences cited therein). The stron ger the bar ri ers are, the
smaller the in ten sity of the trans mit ted waves is and the more pro nounced the in ter fer ence
be comes. It has been also shown that the trans mis sion co ef fi cient for the sym met ri cal tri -
ple delta-bar rier in its deep min ima is smaller than the trans mis sion co ef fi cient for the sin -
gle delta-bar rier arisen by join ing the three delta-bar ri ers of the tri ple delta-bar rier. It
fol lows; there also ex ists some de struc tive in ter fer ence be tween the waves just trans mit -
ting through the sin gle bar rier and those be ing re flected off the next bar ri ers.
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Fig. 2. Plot of the trans mis sion co ef fi cients. a) k pa = , b) k pa = 4 .



In Figs. 2a and 2b, the trans mis sion co ef fi cients T k( ), T ks min ( ), T k0 ( ), and T kd min ( ) are
drawn for the two val ues of the dimensionless pa ram e ter ka, namely in Fig. 2a for k pa =
and in Fig. 2b for k pa = 4  . In both the fig ures, the full curves de pict the trans mis sion co ef -
fi cient T k( ). These two full curves dem on strate the ex is tence of ab so lute max ima and two
kinds of rel a tive min ima in the trans mis sions through the sym met ri cal tri ple delta-bar rier.
As ex pected, the depth of min ima be comes larger as the strength of the delta-bar ri ers in -
creases. The dashed curves show the trans mis sion co ef fi cient T k0 ( ) and the dot ted curves
the trans mis sion co ef fi cients T ks min ( ) and T kd min ( ). These curves dem on strate the va lid ity
of the in equal ity T k T k T kd smin min( ) ( ) ( )< <0 . It is also seen from Figs. 2a and 2b that the
trans mis sion co ef fi cients  T ks min ( ) and T kd min ( ) ex cel lently trace the shal low and deep
min ima of the trans mis sion co ef fi cient T k( ), re spec tively. This con firms the ap pro pri ate -
ness of the ap prox i ma tion made in the der i va tion of the min i mum con di tions. Fur ther, it is
seen that the ab scis sas of max ima and min ima ap proach their cal cu lated as ymp totic val -
ues. Fur ther more, one eas ily de rives that both the trans mis sion co ef fi cients T k( ) and T k0 ( )
have the same value when one of the fol low ing three con di tions is sat is fied: sin( )ka = 0 , 
2 2 2 0k ka kasin( / ) cos( / )- =k , 2 2 2 0k ka kacos( / ) sin( / )+ =k  . Thus, the dashed curve in -
ter sects the full curve at the points with the ab scis sas ka n= p, where n = 1 2 3, , ,... , as well as
at the points, whose ab scis sas also tend to the val ues ka n= p . There fore, in the re gion of
high wave num bers, the dashed curve fi nally touches the full curve in its deep min ima. Ev i -
dently, all the trans mis sion co ef fi cients grad u ally ap proach the unity when the wave num ber 
tends to the in fin ity. This as ymp totic be hav iour of the trans mis sion co ef fi cients can eas ily be 
ver i fied an a lyt i cally as well,  lim ( ) lim ( ) lim ( )min

k k
d

k
T k T k T k

®¥ ®¥ ®¥
= = =0 lim ( )min

k
sT k
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= 1.

These are the char ac ter is tics proper to the trans mis sions through the sym met ri cal tri ple 
delta-bar rier.

4. Dis cus sion

There has been a ris ing in ter est in the study of the trans mis sions through multibarrier
struc tures. De spite of a great deal of the o ret i cal and ex per i men tal work on them ([12, 13]
and ref er ences cited therein), many of their prop er ties have not been un der stood yet and
the need for the mod els of the multibarrier struc tures has not de creased. Such an ar che type 
of the tri ple bar rier struc ture has been pre sented in this pa per. As far as the au thor knows,
cal cu la tions on the tri ple delta-bar rier has not been car ried, out yet, though the trans mis -
sion co ef fi cient for the dou ble delta-bar rier is avail able e.g. in [3-6]. The treat ment of the
tri ple delta-bar rier shows that there ex ist two kinds of rel a tive min ima of the trans mis sion
co ef fi cient. They should man i fest them selves in the large ness of the peak-to-val ley ra tios
of the cur rent-volt age char ac ter is tics.

Ap pen dix

Three con nec tion for mu las are to be ob tained from the con ti nu ity con di tion for the
wave func tion j( )x  at the points x a1 = - , x2 0=  and x a3 = + , namely j j( ) ( )- + = - -a a0 0 , 
j j( ) ( )0 0= -  and j j( ) ( )a a+ = -0 0 . Thus,
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A for mal in te gra tion of the Schrödinger equa tion around the points x a1 = - , x2 0=  and 
x a2 = +  leads to the re la tions ex press ing the dis con ti nu ity of the first de riv a tive of the

wave func tion at these points [2-6], i.e.  ¢ - + - ¢ - - = -j j j( ) ( ) ( ) /a a mg a0 0 2 2h , 

¢ + - ¢ - =j j j( ) ( ) ( ) /0 0 2 0 2mg h  and ¢ + - ¢ - =j j j( ) ( ) ( ) /a a mg a0 0 2 2h , where
¢ =j j( ) ( ) /x x xd d . These three dis con ti nu ity re la tions also yield three other con nec tion

for mu las,
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where k = 2 2mg / h . The con nec tion for mu las can be writ ten in the form of ma tri ces,
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The el e ments of the trans fer ma tri ces M(II, I), M(III, II) and M(IV, III) are given by
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It is easy to show that det M(II, I) = det M(III, II) = det M(IV, III) = 1.
The three con sec u tive trans fers are to be joined into one,
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It is easy to ob tain that 
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The two new-in tro duced quan ti ties t k( ) and r k( ) en able one to ex press the re la tion be -
tween the am pli tudes of the first and fourth spa tial re gion in the sim ple form,

B r k A t k BI I IV= +( ) ( ) ,    A t k A
r k t k

t k
BIV I IV= +( )

( ) ( )

( )

*

*
.

These ex pres sions for the am pli tudes BI and AIV are used to es tab lish the form of the
wave func tion j( )x  on the left-hand and on the right-hand side of the tri ple delta-bar rier.
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