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Ab stract: It is shown that var i ous ver sions of the neu trino mix ing hy poth e sis and its the o ret i cal
de scrip tions are in con tra dic tion with gen er ally ac cepted facts and prin ci ples. The pos si ble al ter na tive
for mu la tion of the neu trino os cil la tion the ory there is also pre sented and it is shown un der what
con di tions this the ory re pro duces the known os cil la tion prob a bil ity for mula. In our ap proach (fla vor)
neu tri nos are Dirac par ti cles. In the case of Majorana neu tri nos, or the nonrelativistic neu tri nos (i.e. relic
neu tri nos), the prob lem could be more com pli cated.

1. In tro duc tion

The neu trino mix ing hy poth e sis is the cor ner stone of the con tem po rary for mu la tion of
the neu trino os cil la tion the ory (see e.g. [1-5). In ac cor dance with this hy poth e sis the
states na  ,  (a m t)= e, ,  of the free fla vor neu tri nos n n nm te , , are de fined by means of the
states n i , ( , , )i = 1 2 3  of the so-called mas sive free neu tri nos n i  by the re la tion

n na a i=U i  ,     (1)

where U ia  are the el e ments of uni tary ma trix U (U is the con stant ma trix) and the sum ma -
tion over re peated in di ces is as sumed.

The mas sive free neu trino states n i  have the masses M i , the helicity (-1/2) and they
are eigenstates of the gen er a tor H of the time de vel op ment. The def i ni tion (1) is too for mal 
and one can en coun ter its var i ous ver sions in the lit er a ture:

n na a i; ; ,
r r
p U p Mi i=  .     (2)

The equa tion (2) rep re sents the so-called equal mo men tum case. It is well-known that
(2) is not com pat i ble with the Loretz invariance (see e.g. [1] ). Namely, if some ob server O
reg is ters U p Mi ia in ; ,

r
 as the fla vor state of na  than an other ob server O’, who moves with 

the ve loc ity 
r
n ¹ 0 with re spect to O, will reg is ter the state

U p Mj i ia in ; ,
r

     (3)

where 
r r

¢ ¹ ¢p pi j , if M Mi j¹ . Thus, in ac cor dance with (2), the ob server O’ will not con sider 
(3) as the state of fla vor neu trino na .

n na ai i=U p Mi i; ,
r

      (4) 

where

E p Mi i= +
r 2 2   for all  i = 1 2 3, , ,
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(the equal en ergy case (see e.g. [1])). The def i ni tion (4) is not com pat i ble also with the Lo -
rentz invariance. More over, it is ev i dent that thde right-hand side of (4) is the eigen-state of
H, so tran si tions to other states do not ex ist. In [1] there is the fol low ing prob lem solved:
“How to take into ac count the dif fer ent momenta of mas sive neu tri nos in the der i va tions of
the os cil la tion prob a bil ity?”. Hence, the au thor con siders the fol low ing ver sion of (1)

n na ai a=U p Mi i; ,
r

    (5)

This def i ni tion of na  can be hardly ac cepted. Let us con sider two trin i ties 
( , , )
r r r
p p p1 2 3 , ( , , )

r r r r
p p p p1 2 3 3

¢ ¹ . In the first case we have, e.g.,

n n ie ei i iU p M= , ,
r

whereas, for the sec ond it is

n n nm m i m 3= + ¢
=

åU p M U p Mi i i
i

, , , ,
r r

1

2

3 3 3 .

Then n nm me ei
i

iU U= ¹
=

å *

1

2

0 .

More over, as the ker nel of the con sid er ations pre sented in [1] is the os cil la tion prob a -
bil ity for mula of the form

P L T U e Uk
ip L iE

k
k kT

n n a ba b®
-=( , ) *

2

(6)

where L is the source-detectordistance and T is the time which passed from the pro duc tion
of na  till the de tec tion of nb . This re sult evokes a cer tain sus pi cion. Namely, for T ® 0, we
get

P L U e Uk
ip L

k
k

n n a b aba b
d® = ¹( , ) *0

2

,

whereas it is nat u ral to ex pect that no tran si tion n n na b a® ¹  is pos si ble for T = 0. This
sim ply means that con sid er ations pre sented in [1] are not con sis tent. Hence, the neu trino
mix ing hy poth e ses (2) or (4) are ref er ence frame de pend ent.

In [6] there was the ref er ence frame in de pend ent def i ni tions of the fla vor states pre -
sented. It reads

n na ai i=U p Mi i, ,
r

     (7)

where
r r

r
rp p

p
v =const.i

i

i

i
E

=
+

=
M i

2

for all i = 1 2 3, ,  (equal ve loc ity case). Let us now con sider the in ter ac tion of na with charged
lep ton la . Con sid er ing the case when la gained the mo men tum 

r
k. The ini tial state 

l p m U p Mi i i ia a a n, , , ,
r r

r
v

 will con vert to the fi nal state

l p k m A t p m p M k U p k Mi i i i i ia a a a n, , ( , , , , , ) , ,
r r r r r r r

+ - .     (8)

All 
r
p i  are par al lel, and if 

r
k is not par al lel with 

r
p i  then 

r r
p ki -  ( , , )i = 1 2 3  are not par al lel

and then (8) can not be writ ten in the form
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l p k m AU p k Mi i i ia a a n, ,
~

, ,
r r r r

r+ -
¢v
.

Hence, if in ter ac tion na  with la  is de fined by means of in ter ac tions n i  with la , then, in
the fi nal state, we shall not ob tain the fla vor neu trino na de fined by (7). The pre vi ous re -
marks evoke the ques tion: What ver sion of the neu trino mix ing hy poth e sis can be ac cept -
able and in what sense? In the next sec tion we shall show that (2) (equal mo men tum case)
can be ac cepted as a good ap prox i ma tion in the case of ul tra-rel a tiv is tic neu tri nos. Nat u -
rally in stead of (2) we have to write

n na ai i»U p M i, ,
r

 .

2. Al ter na tive ap proach to neu trino os cil la tions

In this sec tion we shall re gard n n nm te , , as Dirac par ti cles and for mu late
(phenomenologically) the the ory of their os cil la tions. We shall also show that this the ory
re pro duces the re sults fol low ing from the stan dard one (based on (2)) in the re gion 

r
p 2   >>

squared mass of any neu trino.
Let us now de fine the (fla vor) neu trino wave func tions p in  (we work in the p-rep re -

sen ta tion and, in stead of in di ces a m t= e, , , we shall use the in di ces i = 1 2 3, , ) as the
eigenfunctions of the hamiltonian

H p M d0 = × +
r r
a b      (9)

where M diag m m md = ( , , )1 1 3  ,  mi 's are the masses of n i  and the stan dard mean ing of other
sym bols is as sumed. In the stan dard rep re sen ta tion of Dirac ma tri ces and for 
r
p p= >( , , )0 0 0  we can choose p in  as

p
U

i
i

i

n
e

=
2

 ,      ( )e i ip m= +2 2  ,

where for i = 1 2 3, ,  we have

U

u

u

u
i

i

i

i

i

i

i

=

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

d

d

d

1

2

3

 ,      u
m w

m w
i

i i

i i

=
+

- -

æ

è

ç
ç

ö

ø

÷
÷

e

e
 ,      s3w w= -

These eigenfunctions cor re spond to pos i tive eigenvalues of H 0  and the neg a tive
helicity and for i = 4 5 6, ,

U

u

u

u
i

i

i

i

i

i

i

=

æ

è

ç
ç
ç

ö

ø

÷
÷
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d

d

d

4

5

6

 ,      u
m w

m w
i

i i

i i

=
-

+

æ

è

ç
ç

ö

ø

÷
÷

e

e
 ,     m mi i= -3  ,    e e ei i= -3

These eigenfunctions cor re spond to neg a tive eigenvalues of H 0  and the neg a tive
helicity.

Now if 

H H M p M= + ¢ = × +0 b a b
r r

where ( )¢ = ¢+M M  and ¢ =M ii 0 for all i, is the gen er a tor of the time-de vel op ment, then the
tran si tions n ni j®  will oc cur in the the ory. (As far as we know this ap proach was con sid -
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ered in [5, 6]). Now the ques tion arises. Is there any point of con tact be tween this the ory
and the stan dard one? In the next we shall show that the re ply is yes.

Let C be ma trix sat is fy ing CMC diag M M M+ = ( , , )1 2 3  where M i are the eigenvalues
of M. We can choose the eigenfunctions of H cor re spond ing to neg a tive helicity in the
form

p
V

E

C V

E
i

i

i

i

i

¢ = =
¢+

n
2 2

 ,      ( )E p Mi i= +2 2  ,

where for i = 1 2 3, ,

V

u

u

u
i

i

i

i

i

i

i

=

¢

¢
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æ

è

ç
ç

ö

ø

÷
÷

u
E M w

E M w
i

i i

i i

(they cor re spond to pos i tive eigenvalues of H) and for i = 4 5 6, ,   (E E4 1= , E E5 2= ,
E E6 3= )

¢ =

¢

¢

¢
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(they cor re spond to neg a tive eigenvalues of H). Be cause it holds that

U U V V

E E

i j

i j

i j

i j

ij

+ +

= =
2 2e e

d  ,

U U V V

E
diagi i

ii

i i

ii

+

=

+

=

å å= =
2 2

010101010101
1

6

1

6

e
( ) .

Then we can write

U
T

V

E

i

i

ij

j

j2 2e
=                                (10)

or

T
V U

E
ij

j i

j i

=

+

2 e
 .  (11)

Putt ing

T
T T

T T
=

æ

è
ç
ç

ö

ø
÷
÷

( ) ( )

( ) ( )

1 2

3 4

where T a( )  are 3´3 ma tri ces, then from (11), we get

T C
E

m E M m E Mij ji

j i

i i j j i i j j
( ) ( ( )( ) ( )( ) )1 1

2
= + + + - -

e
e e  ,
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T C
E

m E M m E Mij ji

j i

i i j j i i j j
( ) ( ( )( ) ( )( ) )2 1

2
= + - + - +

e
e e  ,

(sim i lar for T ( )3 and  T ( )4 ). Thus, in the re gion 
r
p mi

2 2>> , M i
2  (for all i = 1 2 3, , ) we can write

T C TT( ) ( )1 4» » ,      T T( ) ( )2 3 0» »  .

Hence, in the ultrarelativistic case the equa tion (10) can be ap prox i mated by

U
C

V

E

i

i

T
ij

i

i2 2e
» ( )  ,      ( , , , )i j = 1 2 3  ,               (12)

or in a more fa mil iar form the last equa tion can be writ ten as

n ni
T

ij jC» ¢( )  .                (13)

where n i  are the states of fla vor neu tri nos and  ¢n i   can be in ter preted as so-called mas sive 
neu tri nos states (eigenstates of the gen er a tor H of the time-de vel op ment ). We re mark that
for 

r
p ® 0 we get n ni

T
ij jC» ¢( )  

3. Con clud ing re marks

Within the frame work of the pre sented con sid er ations the neu trino os cil la tions prob a -
bil ity for mula can be de rived by the stan dard way. Hav ing the state n i 0

(cor re spond ing to
the mo men tum 

r
p) at time t = 0 then the time-de vel op ment of this state is given by

n n nt
iHt

i ij
kj

iE t

jk ke T e Tj= =-

-=

- +åå0
1

6

1

6

0
 .

Hence, the am pli tude A of the tran si tion n ni k®  at time t is equal to

A t T e Ti k ij
j

iE t

jk
j( ; )n n® =

=

- +å
1

6

.

In the re gion 
r
p mi

2 2>>  (for all i = 1 2 3, , ) the last for mula can be ap prox i mated by

A t U e U ei i ij

t

jk
j

ipt
iM j

p( ; )n n® »
æ

è
ç

ö

ø
÷

- +

=

-å 2

1

3

where U CT= and C are given by the equa tion

CMC diag M M M+ = ( , , )1 2 3

Our pre vi ous con sid er ations gen er ate sev eral ques tions and we want to men tion some
of them at least. First of all, what does H de scribe ac tu ally? Does it de scribe the os cil la -
tions of n n nm te , ,  or a trip let of free Dirac par ti cles with masses M M M1 2 3, , ? . If M i ³ 0
then H ev i dently de scribes a trip let of free par ti cles with masses M i and os cil la tions in our
ap proach are some thing ar ti fi cial (The case when M i is neg a tive re quires a more de tailed
study.).

Let us con sider for a while that the tran si tions n ni j® are caused by the in ter ac tion of 
n i with some fields j jij ij( )= 0  and the in ter ac tion term is ~ ( . . )n j ni ij j h c+  . If we shall re -
place j ij  by some con stants, say ¢M ij , then we ob tain (semi)phenomenological the ory out -
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lined above. This pos si bil ity that neu trino os cil la tions are caused by the in ter ac tion of
neu tri nos with some field seems to be very tempt ing.

We are not sure if all these ques tions are mean ing ful but we feel that a de tailed anal y sis 
of ba sic pos tu lates of the the ory in ques tion is en ti tled and de sir able.
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