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Ab stract: The so lu tion of the one-di men sional Schrödinger-Wannier wave equa tion is ex am ined for the
po ten tial-en ergy func tion that de scribes a delta-bar rier un der the ap pli ca tion of a con stant per pen dic u lar
elec tri cal field. Gen eral ex pres sions for the trans mis sion and re flec tion co ef fi cient are de rived. The
per pen dic u lar com po nents of the group ve loc i ties of the par ti cles trans mit ted through the bi ased
delta-bar rier are in volved in them. The trans mis sion co ef fi cients for two dif fer ent dis per sion func tions
are jux ta posed: for the qua dratic func tion and for the Kane func tion. The par ti cles with the Kane en ergy
spec trum are shown to ex hibit an ex cep tional be hav iour in the trans mis sions through the bi ased
delta-bar rier.
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1. In tro duc tion

This pa per pres ents a the ory of con duc tion elec trons in a sand wich struc ture A-B-A that
finds it self in a con stant elec tri cal field per pen dic u lar to its in ter faces. B is a very nar row
sin gle crys tal line layer em bed ded in (be ing lat tice-matched on both its sides with) a bulk
crys tal A. At ten tion is fo cused mainly on the non-quadracity of the dis per sion func tion of
the con duc tion band and its in flu ence on the trans mis sion prop er ties of elec trons tun nel ling 
through the bi ased sand wich struc ture. Ne glecting space charge ef fects and adopt ing the
Wannier one band ap prox i ma tion [1], one can di a gram mat i cally rep re sent the bi ased sand -
wich struc ture A-B-A by the flat-band scheme shown in Fig. 1. (The hor i zon tal full lines in
Fig. 1 cor re spond to the lower bound ary of the con duc tion band in the re gions A and B.)
Thus, the nar row layer B em bed ded in the bulk crys tal A is mod elled by a one-di men sional
rect an gu lar bar rier of a width w0  and a height U 0 . The ap plied con stant elec tri cal field per -
pen dic u lar to the in ter faces of the sand wich struc ture is sim u lated by low er ing the bound -
ary of the con duc tion band, i.e. by es tab lish ing a one-di men sional rect an gu lar well of an
in fi nite ex tent and a fi nite depth eV in that re gion A in which the elec tri cal po ten tial is
higher (e is the el e men tary charge and V is the ap plied bias volt age). So, in each re gion the
po ten tial en ergy of an elec tron is re placed by its av er age value. The trans mis sion through
the po ten tial sketched in Fig. 1 was stud ied for the first time by Nordheim [2]. (Cf. also [3],
where early his tory of quan tum tun nel ling is pre sented.) 
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In the case of a very nar row layer B, one can for mally let the width of the rect an gu lar
bar rier tend to the zero and si mul ta neously the height of the bar rier tend to the in fin ity
whilst keep ing the prod uct w U0 0  to be con stant. Then, the po ten tial-en ergy func tion that
rep re sents the rect an gu lar bar rier in Fig. 1 be comes a delta-func tion of the strength 
g w U= 0 0 . Al though the delta-func tion is a very sim pli fied po ten tial-en ergy func tion, it
en ables us to get a proper in sight into the trans mis sions through the nar row and high bar -
rier struc tures [4, 5]. This is also why the delta-func tion po ten tials were of ten em ployed
through out many parts of the solid-state phys ics as a very con ve nient ap prox i ma tion to
more struc tured and there fore more dif fi cult, shortranged po ten tials (cf. e.g. ref er ences
cited in [6]). There fore, it is also in ter est ing to ex am ine the trans mis sion through the bi -
ased delta-bar rier that is em bed ded in a crys tal line lat tice.

As a rule, the ef fec tive-mass Schrödinger wave equa tion used to be em ployed in solv -
ing trans mis sion prob lems. Thus, the en ergy spec trum of trans mit ting par ti cles was sup -
posed to be qua dratic. Not with stand ing, even if the en ergy spec trum is ap prox i mated by a
qua dratic func tion, a ques tion is, how to choose the ap pro pri ate ef fec tive-mass value. The
en ergy spec trum is qua dratic only in the al kali met als and in the A BIII V  semi con duc tors
near the bot tom of their con duc tion band. In the ma jor ity of other sub stances, the
non-quadraticity of the en ergy spec trum plays an im por tant role. There fore, the use of the
ef fec tive-mass ap prox i ma tion is in suf fi cient and the real en ergy spec trum should be taken
into con sid er ation. (E.g. the Kane en ergy spec trum is con ve nient to go be yond the qua -
dratic en ergy spec trum in a nar row-gap semi con duc tor [7].) In an ap proach to the trans -
mis sion through the un bi ased delta-bar rier, Bezák [6] took into ac count the pos si ble
non-quadraticity of the en ergy spec trum. In stead of the Schrödinger equa tion, he solved
the Schrödinger-Wannier equa tion for the cor re spond ing po ten tial-en ergy func tion. In
this way, he re spected that the en ergy spec trum of the trans mit ting par ti cles did not have to 
be qua dratic and dis cussed some con se quences of this non-quadraticity for the trans mis -
sion through the un bi ased delta-bar rier. In our pa per, his treat ment is ex tended on the bi -
ased delta-bar rier.

The or gani sa tion of this pa per is as fol lows. In the next sec tion, the Schrödinger-
Wannier wave equa tion is em ployed to ob tain the wave func tion for the po ten tial-en ergy
func tion, which cor re sponds to the lim it ing case of the rect an gu lar bar rier struc ture shown 
in Fig. 1. The wave func tion is then used to de rive the gen eral ex pres sions for the trans -
mis sion and re flec tion co ef fi cient for the bi ased delta-bar rier em bed ded in a crys tal line
lat tice. The third sec tion is de voted to the ex em pli fi ca tion of the trans mis sion co ef fi cient
for the two dif fer ent dis per sion func tions. Finally, some con clud ing re marks are pre sented 
in the fourth sec tion.

2. So lu tion of the Schrödinger-Wannier Equa tion

The one-di men sional sta tion ary Schrödinger-Wannier wave equa tion [1],
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is solved for the po ten tial-en ergy func tion

U x g x eV x( ) ( ) ( ) .= -d Q     (2)
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Here x rep re sents the spa tial vari able, E is the en ergy of a par ti cle (a con duc tion elec tron), 
d( )x  is the Dirac delta-func tion and g is its strength. (A pos i tive value of the strength cor re -
sponds to a bar rier, while a neg a tive value would cor re spond to a well.) Q( )x  is the
Heaviside step func tion (Q( )x = 0  if  x < 0  and  Q( )x = 1  if  x > 0), e is the el e men tary
charge, V is the bias volt age ap plied to the delta-bar rier. The dis per sion func tion of the con -
duc tion band E( )k  is sup posed to be even and grow ing for the pos i tive wave num ber k and
to tend to the in fin ity in the limit k ® ¥. The def i ni tion re gion of the func tion E( )k  is not
con fined to the first Brillouin zone only from the math e mat i cal rea sons. This de lib er ate
sim pli fi ca tion is tol er a ble for such val ues of the wave num ber k that are much smaller than
the in verse value of the lat tice con stant.

Ev i dently, the wave func tion j( )x  is to be sought in the form of plane waves run ning
from the left to the right and vice versa, i.e.

j j j( ) { ( )} ( ) ( ) ( )x x x x xI II= - + =1 Q Q      (3)
( ) ( )= - + ++ - - + + +{ ( )}{ } ( ){1 1 1 20 0Q Qx A e B e x A eI

i k i x

I

i k i x

II

i k i( ) ( )0 02x

II

i k i xB e+ - - }.

A I , B I  and A II , B II  are, re spec tively, the am pli tudes of these two plane waves in the re gions
that are sep a rated one from an other by the point x = 0. The sub script I re fers to the spa tial
re gion ( , )-¥ -0  that is on the left-hand side of the bi ased delta-bar rier; the sub script II re fers 
to the spa tial re gion ( , )+¥ +0  that is on the right-hand side of the bi ased delta-bar rier. The
pos i tive wave num bers k1  and k2  are in tro duced by the re la tion E k k eV= = -E E( ) ( )1 2 .

The con ti nu ity con di tion for the wave func tion j( )x  at the points x = 0  yields a con nec -
tion for mula, namely A B A BI I II II+ = + . An other con nec tion for mula is de rived in Ap -
pen dix A. It states { } ( ) { } ( ) { }A B k A B k i A BI I II II I I- - - = +K K1 2 k , where, k = 2 2mg / h , 
K E( ) ( ) /k m k k= ¶ ¶h 2 . m is the ef fec tive mass of the par ti cle at the bot tom of the
con duc tion band, i.e. m k k k= =h 2 2 2

0/ ( ( ) / )¶ ¶E . In the pres ent treat ment, the value of 
k 2 2 2 22 2h h/ /m mg=  will be taken as an em pir i cal pa ram e ter char ac ter is ing the
delta-bar rier.

The two con nec tion for mu lae can be re writ ten as fol lows:
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It is easy to show that t k k t k k r k k r k k* *( , ) ( , ) ( , ) ( , )1 2 1 2 1 2 1 21= -  .
Thus, the wave func tion on the left-hand side and the wave func tion on the right-hand

side of the bi ased delta-bar rier are, re spec tively, of the form
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A I  is the am pli tude of the plane wave im ping ing upon the bi ased delta-bar rier from the
left-hand side, r k k A I( , )1 2  is the am pli tude of the re flected wave and 

K K( ) / ( ) ( , )k k t k k A I1 2 1 2  is the am pli tude of the trans mit ted wave; B II  is the am pli tude

of the plane wave im ping ing upon the bi ased delta-bar rier from the right-hand side, 
-r k k t k k B t k kII

* *( , ) ( , ) / ( , )1 2 1 2 1 2  is the am pli tude of the re flected wave and 
K K( ) / ( ) ( , )k k t k k B II2 1 1 2  is the am pli tude of the trans mit ted wave.

Ob vi ously (Ap pen dix B), the quan ti ties t k k( , )1 2  and r k k( , )1 2 , re spec tively, rep re sent
the trans mis sion and re flec tion am pli tude. (Actually, r k k( , )1 2  is the re flec tion am pli tude
from the left and -r k k t k k t k k* *( , ) ( , ) / ( , )1 2 1 2 1 2  is the re flec tion am pli tude from the
right. They dif fer only in a phase.) The trans mis sion co ef fi cient is de fined by the re la tion 
T k k t k k t k k( , ) ( , ) ( , )*

1 2 1 2 1 2= . The re flec tion co ef fi cient can be ob tained from the
well-known re la tion, namely R k k r k k r k k T k k( , ) ( , ) ( , ) ( , )*

1 2 1 2 1 2 1 21= = - .
Thus, the trans mis sion and re flec tion co ef fi cient for the bi ased delta-bar rier are, re -

spec tively, given by the re la tions
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Ev i dently, the pos i tive wave num bers k1  and k2  rep re sent those com po nents of the
wave vec tors that are per pen dic u lar to the bi ased delta-bar rier. The dis per sion func tion 
E( )k  also in volves com po nents of the wave vec tors that are par al lel to and con tin u ous
across the bi ased delta-bar rier. Two func tions, a qua dratic func tion and a non-qua dratic
func tion, are in tro duced as the dis per sion func tions of the con duc tion band in the next sec -
tion, where the cor re spond ing an a lyt i cal ex pres sions for the quan tity K( )k = 
= m k k¶ ¶E( ) / h 2  is ob tained, too.

Of course, if there is no ex ter nal bias volt age ap plied to the delta-bar rier, i.e. If V = 0,
then K = K( ) ( )k k2 1  and Eqs. (6a) and (6b) are re duced to those de rived by Bezák [6]. If 
k = 0 , then Eqs. (6a) and (6b) rep re sent re spec tively the trans mis sion and re flec tion co ef -
fi cient for a rect an gu lar well of an in fi nite ex tent and a fi nite depth eV (cf. e.g. [4, 5, 8, 9],
where a rect an gu lar bar rier of an in fi nite ex tent and a fi nite height is ex am ined).

It is worth men tion ing that the trans mis sion co ef fi cient, as well as the re flec tion co ef fi -
cient, does not change if one ex changes the delta-bar rier for the delta-well, i.e. if one ex -
changes  k = 2 2mg / h  for ¢ = - = -k k 2 2m g( )/ h . The invariance of the trans mis sion and
re flec tion co ef fi cient with re spect to the re place ment of g by ¢ = -g g is a spe cific con se -
quence due to the use of the delta-func tion po ten tial. It will be bro ken if one uses a bar rier
with a fi nite height U 0  and a fi nite width w0  or a well with a fi nite depth -U 0  and a fi nite
width w0  (cf. [6] for more de tails). Fur ther, the trans mis sion over a fi nite well is ideal in
cer tain cases; i.e. the trans mis sion co ef fi cient equals the unity for cer tain val ues of the en -
ergy of the trans mit ting par ti cle [4, 8, 9]. Such a phe nom e non is not pres ent in the trans -
mis sions through a delta-well.
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3. Ex em pli fi ca tion of the Trans mis sion Co ef fi cient

In this sec tion, the trans mis sion co ef fi cient is ex em pli fied for the two dif fer ent dis per -
sion func tions of the con duc tion band: for the qua dratic func tion and for the Kane func tion. 

The qua dratic en ergy spec trum is de fined by these re la tions
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where k ||  is the com po nent of the wave vec tor par al lel to and con tin u ous across the bi ased
delta-bar rier.

Using the re la tion k k|| tan= 1 J, where J is the im pact an gle (0 2£ <J p / ), and the re la tion
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one ob tains
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Then, the trans mis sion co ef fi cient of the par ti cle with the qua dratic en ergy spec trum
ac quires the form (for mula (6a))
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If the en ergy of the trans mit ting par ti cle and the bias volt age ap plied to the delta-bar -
rier is suf fi ciently small, i.e. if  E m<< k 2 2 2h /   and  eV m<< k 2 2 2h / , then the trans mis -
sion co ef fi cient grows with the en ergy and the ap plied bias volt age as
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Ev i dently, the trans mis sion co ef fi cient T E VQ ( , , )J  does not ex hibit any ex cep tional de -
pend ence on its vari ables in the re gion of small en er gies and small ap plied bias volt ages.

In the limit E ® ¥, one gets lim ( , , )
E

QT E V
®¥

=J 1; i.e. the trans mis sion co ef fi cient 
( )T E VQ , ,J  be haves nor mally in the high-en ergy re gion, too.
The most pop u lar non-qua dratic, still iso tro pic, en ergy spec trum with the same ef fec -

tive mass m is one de fined by the Kane dis per sion func tion [7]. It is of the form 
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and
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where Eg  is the width of the for bid den gap and the mean ing of the other sym bols is ev i dent.
Near the band edge, i.e. when ( ) /||k k m Eg

2 2 2 2+ <<h , the Kane dis per sion func tion is
re duced to the qua dratic dis per sion func tion. There fore, in the re gion of small en er gies
and small ap plied bias volt ages, all the re sults for the Kane dis per sion func tion will be
trans formed into those ob tained with the use of the qua dratic dis per sion func tion. Thus,
es sen tial dif fer ences be tween the trans mis sion co ef fi cients T E VQ ( , , )J  and T E VK ( , , )J  are 
to be ex pected only at high en er gies or with high ap plied bias volt ages, i.e. when E Eg <<
or E eVg << .

Em ploying the re la tions k k|| tan= 1 J and
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one gets
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Thus, the trans mis sion co ef fi cient of the par ti cle with the Kane en ergy spec trum can
be writ ten in this form (for mula (6a))
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If the en ergy, as well as the ap plied bias volt age, is suf fi ciently small, i.e. if E Eg<<  and 
eV Eg<< , the trans mis sion co ef fi cient T E VK ( , , )J  can be ap prox i mated by the ex pres sion
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Thus, in the re gion of small en er gies and small ap plied bias volt ages, the trans mis sion
co ef fi cients T E VK ( , , )J  and T E VQ ( , , )J , Eqs. (15) and (10), ex hibit the sim i lar de pend -
ence on their vari ables.

How ever, in the limit E ® ¥, one gets
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lim ( , , )
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So, the trans mis sion co ef fi cient T E VK ( , , )J , Eq. (15), be haves an oma lously in the
high-en ergy re gion. Un like the trans mis sion co ef fi cient T E VQ ( , , )J , Eq. (10), it does not
ap proach the unity in this en ergy re gion. In the case of the Kane en ergy spec trum, the per -
pen dic u lar com po nents of the group ve loc i ties of the trans mit ting par ti cle, i.e. the quan ti -
ties KK E m( , , ) /0 J h   and  KK E V m( , , ) /J h , Eqs. (14a) and (14b), are lim ited by the value 

E mg / cos2 J  as lim ( , , ) / lim ( , , ) / / cos
E

K
E

K gE m E V m E m
®¥ ®¥

= =K K0 2J J Jh h . This is

why the trans mis sion co ef fi cient ( )T E VK , ,J  tends to its own anom a lous as ymp totic value
(not equal ling the unity) that cor re sponds to the trans mis sion of the par ti cle with the as -
ymp totic value of the per pen dic u lar com po nent of the group ve loc ity. It is worth men tion -
ing that this as ymp totic value of the trans mis sion co ef fi cient is not in flu enced by the bias
volt age ap plied to the delta-bar rier. 

To ex am ine the be hav iour of the trans mis sion co ef fi cient in the high-en ergy re gion
from a lit tle more gen eral point of view one can con sider a class of the dis per sion func -
tions that be have as 

Ea
a a( ) ( ) , .| |k k kµ + <2 2 0  (18)

Then, one eas ily de rives

K
E

a
a a¶

¶
a( )

( )
( )| |k m

k

k
k k k= µ + -

h2

2 2 12                (19a)

and
( )Ka

a aJ a J( , , ) cos/E E0 2 2 1 2µ -  ,               (19b)

( )Ka

a a a aJ a J( , , ) ( ) ( ) sin ./ / /E V E eV E eV Eµ + + --2 1 1 1 2               (19c)

It is seen from the two pre vi ous re la tions that if 1 2/ < a, both the per pen dic u lar com po -
nents of the group ve loc i ties of the trans mit ting par ti cle, i.e. the quan ti ties Ka J( , , ) /E m0 h
and Ka J( , , ) /E V mh  , di verge in the limit E ® ¥. Em ploying Eq. (6a), one con cludes that
in this case the trans mis sion co ef fi cient goes to the unity in the high-en ergy re gion. On the
other hand, if  0 1 2< <a / , both the per pen dic u lar com po nents of the group ve loc i ties of the
trans mit ting par ti cle ap proach a zero value in the limit E ® ¥ and there fore the trans mis -
sion co ef fi cient tends to the zero in the high-en ergy re gion. If a = 1 2/ , both the per pen dic u -
lar com po nents of the group ve loc i ties of the trans mit ting par ti cle ap proach the same
non-zero fi nite value in the limit E ® ¥. Be cause of this the trans mis sion co ef fi cient tends
to an as ymp totic value that is greater than the zero and less than the unity. (The Kane dis per -
sion func tion just cor re sponds to the case a = 1 2/  .)

The de pend ence of the trans mis sion co ef fi cient on the dimensionless vari ables E Eg/
and eV Eg/  is, re spec tively, shown graph i cally in Figs. 2 and 3 for the four dif fer ent val ues 
of the im pact an gle J. In both the fig ures, the value of the pa ram e ter k 2 2 2h / m , which
char ac ter ises the strength of the delta-bar rier, is cho sen to be equal to Eg  as well as the en -
ergy of the trans mit ting par ti cle equals Eg  in Fig. 3. In both the fig ures, the full curves cor -
re spond to the trans mis sion co ef fi cient of the par ti cle with the qua dratic en ergy spec trum 
T E VQ ( , , )J , Eq. (10); the dashed curves to the trans mis sion co ef fi cient of the par ti cle with
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the Kane en ergy spec trum T E VK ( , , )J , Eq. (15). The first up per most full and dashed
curves are drawn for the im pact an gle J = 0, the sec ond full and dashed curves for 
J p= / 6 , the third full and dashed curves for J p= / 4 and the fourth full and dashed
curves for J p= / 3. In Fig. 2, all the four full curves grad u ally tend to the unity and all the
four dashed curves steeply ap proach their as ymp totic val ues; the first up per most dashed
curve steeply ap proaches 1/2, the sec ond dashed curve 3/7, the third dashed curve 1/3 and
the fourth dashed curve 1/5 (for mula (17) with k 2 2 2 1h / mEg =  and se quen tially J = 0, 
J p= / 6, J p= / 4, J p= / 3). Both the trans mis sion co ef fi cients T E VQ ( , , )J  and 
T E VK ( , , )J  vary very slowly in the re gion of small ap plied bias volt ages which is de picted
in Fig. 3.

In the re gion of high ap plied bias volt ages, i.e. If E eV<< , one, how ever, ob tains
 

T E V
eVE

eV
m

Q ( , , )
cos

J
J

k
@

+

4

2

2 2h
  (20)

and  lim ( , , )
V

QT E V
®¥

=J 0. Hence, the par ti cle with the qua dratic en ergy spec trum to tally re -
flects from the well of an in fi nite ex tent and an in fi nite depth. In this in fi nite well, this par ti -
cle should move with an in fi nite group ve loc ity as lim ( , , ) /

V
Q E V m

®¥
= ¥K J h  (for mula (9b).

On the other hand,
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  (21)

Thus, in the re gion of high ap plied bias volt ages, the trans mis sion co ef fi cient 
T E VK ( , , )J , Eq. (15), ex hib its quite a dif fer ent be hav iour than the trans mis sion co ef fi cient 
T E VQ ( , , )J , Eq. (10), does. Un like the par ti cle with the qua dratic en ergy spec trum, the
par ti cle with the Kane en ergy spec trum has a fi nite group ve loc ity in the in fi nite rect an gu -
lar well, as lim ( , , ) / /

V
K gE V m E m

®¥
=K J h 2   (for mula (14b)).

To ex am ine the dif fer ences be tween the trans mis sion co ef fi cients T E VQ ( , , )J  and 
T E VK ( , , )J , Eqs. (10) and (15), in the re gion of high ap plied bias volt ages, it is ap pro pri ate 
to look into the value of the per pen dic u lar com po nent of the group ve loc ity of the par ti cle
in the in fi nite rect an gu lar well which is to be ob tained from Eq. (19c). That re la tion states

( )Ka

a a a aJ a J( , , ) ( ) ( ) sin ./ / /E V E eV E eV Eµ + + --2 1 1 1 2  (22)      

It is seen from the pre vi ous re la tion that if 1 2/ < a, the per pen dic u lar com po nent of the
group ve loc ity of the par ti cle Ka J( , , ) /E V mh  ap proaches an in fi nite value in the limit 
V ® ¥. Em ploying Eq. (6a), one con cludes that, in this case, the trans mis sion co ef fi cient
tends to zero in the re gion of high ap plied bias volt ages. On the other hand, if 0 1 2< <a / ,
the per pen dic u lar com po nent of the group ve loc ity of the par ti cle ap proaches a zero value
in the limit V ® ¥ and there fore the trans mis sion co ef fi cient tends to the zero in the re gion 
of high ap plied volt ages. If a = 1 2/  (the Kane dis per sion func tion just cor re sponds to this
case), the per pen dic u lar com po nent of the group ve loc ity of the par ti cle ap proaches a
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non-zero fi nite value. Only in this case, there fore, the trans mis sion co ef fi cient tends to a
non-zero as ymp totic value in the re gion of high ap plied bias volt ages. 

4. Con cluding Re marks

The trans mis sion as well as re flec tion co ef fi cient for the bi ased delta-bar rier em bed -
ded in a crys tal line lat tice is given by a very sim ple for mula, which in volves the per pen -
dic u lar com po nents of the group ve loc i ties of the trans mit ting par ti cles. The Bloch the ory
of the crys tal line lat tice is in volved in the pres ent treat ment of the trans mis sion prob lem
by means of the dis per sion func tion de fin ing the con duc tion band of elec trons. The wave
func tion, which is the so lu tion of the Schrödinger-Wannier wave equa tion, rep re sents an
en ve lope of the Bloch wave func tions. Interband tran si tions due to the bi ased delta-bar rier 
were sup posed not to take place. There fore, the Schrödinger-Wannier wave equa tion
with out interband ma trix el e ments was em ployed in our trans mis sion prob lem. The two
dis per sion func tions used in the ex em pli fi ca tion of the trans mis sion co ef fi cient are iso tro -
pic. It is ev i dent that the for mu lae for the trans mis sion and re flec tion co ef fi cient can di -
rectly be used also in the case of anisotropic dis per sion func tions.

In the re gion of small en er gies and small ap plied bias volt ages, there are no es sen tial
dif fer ences among the trans mis sion co ef fi cients of par ti cles with the dif fer ent en ergy
spec tra. How ever, there are cru cial dif fer ences among them in the re gion of high en er gies.
These dif fer ences seem to be very im por tant since trans mis sions through a bar rier usu ally
take place at en er gies that are well above the bot tom of the con duc tion band. Fur ther, there 
are also dif fer ences among the trans mis sion co ef fi cients in the re gion of high bias volt ages 
ap plied to the bar rier. Ev i dently, in the case of high bias volt ages ap plied to the bar rier as
well as in the case of the large strength of the bar rier it is nec es sary to in cor po rate
interband ma trix el e ments into the the ory.

Sim i lar re sults are be lieved to be valid with more re al is tic po ten tials mod el ling the bi -
ased bar rier em bed ded in a crys tal line lat tice. Thus, the main con clu sion of the pres ent
treat ment is that the ef fec tive mass ap prox i ma tion is not suit able for de ter min ing the trans -
mis sion co ef fi cient of par ti cles with the non-qua dratic en ergy spec trum. The real en ergy
spec trum must be con sid ered.
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Ap pen dix A

In the case of the qua dratic en ergy spec trum, EQ k k k m( ) ( ) /||= +2 2 2 2h , the for mal in -
te gra tion of the Schrödinger equa tion around the point x = 0 leads to the re la tion ex press -
ing the dis con ti nu ity of the first de riv a tive of the wave func tion at this point [4, 5], i.e. 

¢ + - ¢ - =j ( ) j ( ) j( )0 0 2 0 2mg / h , where ¢ = =j ( ) j( )a d x dx x a( / ) . This dis con ti nu ity re la tion
yields an other con nec tion for mula for the wave func tion j( )x , Eq. (3), namely 
( ) ( ) ( ) /A B k A B k i A B mgI I II II I I- - - = +1 2

22 h .
In the case of the non-qua dratic en ergy spec trum, the sec ond con nec tion for mula could 

be de ter mined in a sim i lar way. To avoid ei ther find ing the re la tions among the higher-or -
der de riv a tives of the wave func tion or dif fer en ti at ing the Heaviside step func tion to an in -
fi nite or der (the Maclaurin se ries for the func tion E( )k  gen er ally in volves an in fi nite
num ber of terms), it is ap pro pri ate to in sert the wave func tion j( )x , Eq. (3), into the
Schrödinger-Wannier wave equa tion, Eq. (1), in the form of the Fou rier in te gral, 

j( ) x x/ 2pxx f e di x=
-¥

+¥

ò ( ) , where ( )f x  is the Fou rier orig i nal to the wave func tion, i.e.

( )f A e B e e dx A eI
ik x

I
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Then, one gets the equa tion
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It is sat is fied, when
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where the sym bol v p. . means the Cauchy prin ci pal value.
As the func tion E( )x  is even and grow ing for the pos i tive vari able x, the equa tion 

E( )x - =E 0 has two roots, x1 2, = ± k. Be cause of it, it is valid that
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Thus, Eq. (A.3) can be re writ ten into the form
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Hence,
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This is the sec ond con nec tion for mula. It is, in fact, ex actly of the same form as that ob -
tained in the case of the qua dratic en ergy spec trum since then ¶ ¶E( ) /k k k m= h 2  .

Ap pen dix B

The pre sen ta tion of the phys i cal sig nif i cance of the quan ti ties t k k( , )1 2  and r k k( , )1 2

can be started with the der i va tion of the con ti nu ity equa tion for the wave func tion obey ing 
the Schrödinger-Wannier wave equa tion and with the iden ti fi ca tion of the in ci dent, trans -
mit ted and re flected flux in the prob a bil ity cur rent den sity.

If the func tion j( ; )x t  sat is fies the non-sta tion ary Schrödinger-Wannier wave equa tion,
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then the prob a bil ity-den sity func tion, r( ) j ( )j( )x t x t x t; ; ;*= , will evolve ac cord ing to the
equa tion
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To ar range the right-hand side of this equa tion it is ap pro pri ate to rep re sent the wave

func tion by its Fou rier in te gral, j( ) (x ) x pxx t f t e di x; ; /=
-¥

+¥

ò 2 . Then, pre vi ous equa tion ac -

quires the usual form of the con ti nu ity equa tion
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= (B.3)

where the prob a bil ity-cur rent-den sity func tion is given by

j x t
d d

f( ; )
( ) ( )

( )
=

¢ - ¢

- ¢

ì
í
î

ü
ý
þ-¥

+¥

-¥

+¥

ò ò
x

2p

x

2p

x x

x x

E E

h

( )( ; ) ( ; ) .*x x x xt f t e xi¢ - ¢                 (B.4)

For sta tion ary states of the en ergy E, as sum ing that the po ten tial-en ergy func tion U x( )
is in de pend ent of time t, one has j( ) j(x)x t e iEt; /= - h  and f t f e iEt( ; ) ( ) /x x= - h , so that the
ex plicit time de pend ence of the func tions r( )x t;  and j x t( ; ) dis ap pears and thus the
Eq. (B. 3) re duces to ¶ ¶j x x( ) = 0  with
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For the wave func tion in the form of plane waves (for mula (A1)), the in te gra tion is
straight for ward, though te dious. Per forming the in te gra tion one ob tains
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Using Eqs. (4a) and (4b), one can eas ily show that the prob a bil ity-cur rent-den sity
func tion is con tin u ous at the point x = 0, be cause
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Thus, the prob a bil ity-cur rent-den sity func tion is in deed con stant for the wave func tion 
in the form of plane waves.

If B II = 0 , the wave func tion j( )x , Eq. (5), rep re sents a par ti cle that is in ci dent on the
bi ased delta-bar rier from -¥ with the wave func tion ( )A eI

i k i x+ -1 0 . The in ter ac tion with the

bi ased delta-bar rier pro duces a re flected wave ( )r k k A eI

i k i x( , )1 2

01- + , which es capes to -¥,

and a trans mit ted wave ( )K K( ) / ( ) ( , )k k t k k A eI

i k i x

1 2 1 2

02+ + , which moves off to +¥. It

is seen from Eq. (B.7) that the in ci dent flux, the re flected flux and the trans mit ted flux are,
re spec tively, A A k mI I

* ( ) /hK 1 , r k k r k k A A k mI I
* *( , ) ( , ) ( ) /1 2 1 2 1hK  

and t k k t k k A A k mI I
* *( , ) ( , ) ( ) /1 2 1 2 1hK . Thus, the quan ti ties t k k( , )1 2  and r k k( , )1 2  are,

re spec tively, the trans mis sion and re flec tion am pli tude. The trans mis sion and re flec tion
co ef fi cient are given by the re la tions
T k k t k k t k k( , ) ( , ) ( , )*

1 2 1 2 1 2=  and R k k r k k r k k( , ) ( , ) ( , )*
1 2 1 2 1 2= , re spec tively. 

If A I = 0 , the wave func tion j( )x  can be in ter preted in a sim i lar fash ion. It rep re sents a
par ti cle that is in ci dent on the bi ased delta-bar rier from +¥.

18                                                     I. YANETKA



ON TRANS MIS SIONS THROUGH A BIASED DELTA-BAR RIER            19

Fig. 2. Plot of the trans mis sion co ef fi cient for the bi ased delta-bar rier ver sus the en ergy vari able.

Fig. 3. Plot of the trans mis sion co ef fi cient for the bi ased delta-bar rier ver sus the volt age vari able.

Fig. 1. Sche matic di a gram of the cor re spond ing elec tron po ten tial en ergy in a bi ased rect an gu lar bar rier.
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