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Ab stract: The mag ne ti za tion of fer ro mag netic sys tems is treated within frame work of many-body
Green func tion the ory by con sid er ing x- and z- com po nents of the mag ne ti za tion. We pres ent a method
for the cal cu la tion of ex pec ta tion val ues in terms of the eigenvalues and eigenvectors of the equa tions of
mo tion ma trix for set of Green func tions.

1. In tro duc tion

The bosonic and fermionic Green func tions the ory of a Heisenberg model for the
ferromagnet is pre sented. The bosonic Green func tion the ory is ap pro pri ated when one
con sid ers an iso tro pic or unidirection sys tem. In this case we need to cal cu late only one
com po nent of mag ne ti za tion, i.e. the z-com po nent. How ever, there ex ist cases where the
sys tem is anisotropic and not uni ax ial. For ex am ple, un der an ex ter nal transversal mag -
netic field, the mag ne ti za tion ro tates with the vari a tion of the field. In fer ro mag netic ul tra
thin film, the mag ne ti za tion may ro tate with the vari a tion of the tem per a ture [1] and the
film thick ness [2]. The re ori en ta tion of mag ne ti za tion in fer ro mag netic thin films may be
qual i ta tively un der stood by con sid er ations of the com pet ing shape and uni ax ial ani so -
tropy and was ob served at the tem per a ture be low the Cu rie tem per a ture in films of a few
monolayers of Fe, Co, and Ni on Cu or Ag sub strates. The ori en ta tion of the mag ne ti za tion 
is de ter mined by the com po nents mz, mx. When one wants to cal cu late within Green func -
tion method more than one com po nent of mag ne ti za tion, the bosonic Green func tion the -
ory is lim ited. The most se ri ous prob lem en coun tered is that one of the dis per sion re la tions 
w(q)is al ways zero. The zero-fre quency dif fi cul ties could be cir cum vented by means of
the fermionic Green func tion [3–5].

2. The The ory

The time-de pend ent re tarded Green func tion in volv ing the two op er a tors A and B,
               , is de fined by

(1)
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where sub scripts i, j la bel sites in lat tice,  Ai(t), is the spin op er a tor at time t, Bj is the spin op er -
a tor, q(t) is the unity for pos i tive t and zero for neg a tive t, sin gle an gu lar brack ets de note an
av er age with re spect to the ca non i cal den sity ma trix of the sys tem at tem per a ture T and

        ,        .           (2)

In these equa tions the Green func tion is called the bosonic Green func tion, if h = –1, or the
fermionic Green func tion, if h = +1. The equa tion of mo tion for             is writ ten as

(3)

Where d(t) is the Dirac d-func tion, brack ets                       cor re spond to the com mu ta tor and 
         has been used. The time Fou rier trans form of the Green func tion is a func tion of fre -
quency w, and is de noted by                                 . It sat is fies the equa tion of mo tion

(4)

Where d
ij
 is the Kronecker sym bol. For Heisenberg Hamiltonian H with gen eral spin S, the

op er a tors A
i
, B

j
 are taken as the fol low ing spin op er a tors

 (5)

where l, m are zero or pos i tive in te gers, nec es sary for deal ing with higher spin val ues S. 
Then the Green func tion is fur ther Fou rier trans formed in real space 

(6)

Here q is the wave vec tor and ai(j) are the po si tion vec tors of the sites i, j. The in te gra tion
over wave vec tor can be in one, two or three di men sions de pend ing on the sys tem stud ied.
Now the Green func tion                     is a func tion of wave vec tor q and fre quency w = w(q). 

Sta tis ti cal av er ages of the prod uct of the two op er a tors Bj and Ai (the cor re la tion func -
tion                  ) is ex pressed in terms of the Green func tion by the spec tral the o rem 

(7)

If the equa tion of mo tion can be solved for                                              one then ex tracts knowl -
edge of the cor re la tion func tion                     . Equa tions (4) and (7) are the only equa tions re -
quired for the ap pli ca tion of the Green func tion method. 

To solve the Green func tion, Hamiltonian H that ap pears in the equa tion of mo tion
must be known. For sim plic ity, we only con sider iso tro pic Hamiltonian 

(8)

where Jij – J > 0 is the ex change in te gral cor re spond ing to the in ter ac tion be tween the
spins on lat tice sites i, j. The no ta tion                           is in tro duced. Higher or der Green func -
tion will ap pear in the equa tion of mo tion (4), too. It is to be de coup led by a ran dom phase
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ap prox i ma tion (RPA). There are two de coup ling pro ce dures, namely asym met ric and sym -
met ric de coup ling. 

2.1. Asym met ric de coup ling

a) Bosonic Green func tions

The ex act equa tions of mo tion for Green func tions are

(9)

The first term on the right side of (9) is given by 

(10)

where

(11)

The com mu ta tor of     with the Hamiltonian H, re quired in the last term of (9), is eas ily
com puted, giv ing

(12)

The equa tions of mo tion (9) are then given by

(13)

The re main ing prob lem is to ex press the higher or der Green func tion on the right in
terms of lower or der Green func tions, so that (13) can be ex plic itly solved for 
                                               .  Here asym met ric de coup ling means that

(14)

In serting the de coup ling ap prox i ma tion (14) into the equa tion of mo tion (13) gives

(15)

These equa tions are set of cou pled equa tions for var i ous pairs of sites (i,j), (k,j). Be -
cause of the translational invariance of the lat tice we can trans form the Fou rier func tions
               , Jij and dij with re spect to the re cip ro cal lat tice:

 (16)
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where the pa ram e ter        and N is the num ber of the spins in the lat tice.
Equa tion (15) then im plies

(17)

From (17) we get,                , for the equa tion

(18)

Where                                                                   .
Be tween the Fou rier trans form               and the spec tral func tion Iq ex ists the re la tion

(19)

where the spec tral func tion is con nected with the cor re la tion func tion by the re la tion

(20)

Using the re la tion 

(21)

or its sym bolic form 

(21a)

the equa tion (19) can be writ ten as

(22)

With the re la tion                      and                                            we find that

(23)

From (19) and (20) we get

(24)

If we use (11) and (23) we get
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(25)

where

(26)

From (25) we can write down 2S in de pend ent, si mul ta neous lin ear equa tions in
                                                   , by putt ing l in (24) equal 1, 2, … , 2S, con se quently. Callen [6]
shown that for any S value, mag ne ti za tion        can be cal cu lated us ing 

(27)

b) Fermionic Green func tions

Now let us use the fermionic Green func tions. Taking h = +1 in (7), we have

(28)

Using the re la tion be tween anticommutator and com mu ta tor

(29)

one ob tains

` (30)

which bring us back to (24). The con clu sion is that for the asym met ric cou pling, the
fermionic Green func tion is ex actly equiv a lent to the bosonic Green func tion.

2.2. Sym met ric de coup ling

In or der to treat the re ori en ta tion of the mag ne ti za tion, we need the fol low ing Green
func tions

(31)

where                    takes care of all di rec tions in space. The ex act equa tion of mo tion are

(32)

(33)

with inhomogeneities 
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(35)

The sym met ric de coup ling of the Green func tion is as fol lows

(36)

Af ter the Fou rier trans form to mo men tum space, one ob tains for a 3-di men sional
Green func tion vec tor three equa tions of mo tion in the fol low ing ma trix form

(37)

where

(38)

(39)

(40)

with ab bre vi a tion
             ,                                       ,                                                   ,                        .
Ma trix I is the unit ma trix and z is the co or di na tion num ber. 

The eigenvalues               of ma trix are

(41)

It is seen that there is a zero eigenvalue. In this case equa tion (7) can not be ap plied to the
bosonic Green func tion di rectly. Now we em ploy the fermionic Green func tion, namely,
tak ing h = 1 in the equa tion (37). Be tween anticommutator and com mu ta tor inhomo-
geneities ex ists the fol low ing re la tion

(42)

Where         is the cor re la tion vec tor

(43)
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It is im por tant that the com mu ta tor inhomogeneities          do not de pend on the mo men tum 
q. We fol low the eigenvalue method as men tioned in [4]. One starts with a trans for ma tion,
which diagonalizes the ma trix              of equa tion (37)

                                  W, (44)

where W is a di ag o nal ma trix with eigenvalues Wi (i = 1,2,3), and the trans for ma tion ma trix U
and its in verse U–1 are ob tained from the right eigenvectors of ma trix               as col umns
and from the left eigenvectors as rows, re spec tively. In our case the eigenvectors by which
the trans for ma tion ma tri ces U and U–1 are con structed can be given ex plic itly. They are

          ,           . (45)

These ma tri ces are nor mal ized to unity: UU–1 =  U–1U = 1. 
Mul ti plying the equa tion of mo tion (37) from the left U–1 and in sert ing 1 = UU–1 one

finds

      (WI – W)U–1               = U–1    .               (46)

De fining                                and                              one ob tains 

      (WI – W)           =  . (47)

         is a new vec tor of Green func tions, each com po nent i of which has but a sin gle pole

(48)

This is the im por tant point and al lows ap pli ca tion of the spec tral the o rem to each com po -
nent sep a rately. This gives with                     

(49)

We pro ceed with the anticommutator (h = +1) and one ob tains the orig i nal cor re la tion vec -
tor Cq

( )lm by mul ti ply ing from the left with U, i.e.

             = R
q
 (50)

where                    with ma trix el e ments

(51)
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E is a di ag o nal ma trix with ma trix el e ments                            . Using (42) one ob tains the
fol low ing set of equa tions

            = R
q

(53)

or 

(54)

From (54) we have 

(55)

(56)

(57)

Here we should em pha size the fact that ma tri ces        and Rq de pend on q, but          does
not. The equa tions (56) in clude all the nec es sary in for ma tion to cal cu late the sta tis ti cal av -
er age of the spin op er a tors. 

Be cause the cor re la tions are in real space, we have to per form a cor re spond ing Fou rier
trans for ma tion                                                         . Fou rier trans form of equa tion (56)
yields

(58)

Putting this into the Fou rier trans form of (55) one can elim i nate the term                     .
One ob tains

(59)

The Fou rier trans form of equa tion (57) can be done di rectly and gives

10                                                        V. ILKOVIÈ

1)1( -W += ieE ijij
bd

)()2( lm
qq CRI - ,)(

1
lm

-=hA

=
÷
÷
÷

ø

ö

ç
ç
ç

è

æ

÷
÷
÷
÷
÷
÷
÷

ø

ö

ç
ç
ç
ç
ç
ç
ç

è

æ

W
W

W
W

-

W
W

W
W

-

W
W

-W
W

-

+

),(

),(

),(

0)2/coth(
2

)2/coth(
2

)2/coth()2/coth(0

)2/coth(0)2/coth(

lmz

lm

lm

C

C

C

BB

BA

BA

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

bb

bb

bb

,

0)2/coth(
2

)2/coth(
2

)2/coth()2/coth(10

)2/coth(0)2/coth(1

),(
1

),(
1

),(
1

÷
÷
÷

ø

ö

ç
ç
ç

è

æ

÷
÷
÷
÷
÷
÷
÷

ø

ö

ç
ç
ç
ç
ç
ç
ç

è

æ

W
W

-W
W

W
W

-W
W

+

W
W

W
W

-

=

-=

-
-=

+
-=

lmz

lm

lm

A

A

A

BB

BA

BA

h

h

h

bb

bb

bb

q

q

q

q

q

q

q

q

q

q

q

q

,
2

1

2

1
)2/coth(

2

1 ),(
1

),(
1

),(),( lmzlmlmzlm BAATABCAC -=
*+

-=
+ +÷

ø

ö
ç
è

æ
-WW=- hh qqqq

,
2

1

2

1
)2/coth(

2

1 ),(
1

),(
1

),(),( lmzlmlmzlm BAATABCAC -=
*-

-=
- -÷

ø

ö
ç
è

æ
+WW=+- hh qqqq

.)2/coth()(
2

1 ),(
1

),(
1

),(
1

),(),( lmzlmlmlmlm ATAABBCBC -=
+

-=
-

-=
-+ WW--=- hhh qqqq

)(lm
qC )(

1
lm

-=hA

å ñá=ñá --

q
q

aa SSSSSS mlz
N

mlz )()()()( 1

.
1

2

1

2
coth

1

2

1

2

11 ),(
1

),(
1

),(
1

),(),( ååå -=*

-
-=

-
-=

- -÷÷
ø

ö
çç
è

æ WW
+=+-

q

lmzlmlmlmzlm

A

B

N
A

TAN
AAC

A

B

N
C hhh

q

q

q

q
q

),(1 lmzC
A

B

N
q

q

å

.
2

coth
1

)(
2

1
)(

2

1 ),(
1

),(
1

),(
1

),(
1

),(),(

÷÷
ø

ö
çç
è

æ WW
+=---

*

+
-=

-
-=

+
-=

-
-=

-+ å
TAN

AAAACC lmlmlmlmlmlm q

q

q

hhhh



(60)

To elu ci date the equa tions (59) and (60) we de rive the ex plicit ex pres sions for S = 1/2.
We need de ter mine the correlations          and the inhomogeneities           (a = +,–, z) for
l  = 0 and m = 1:

                                                                        ,                                                        ,

                                                ,                                                   ,

                                                             .

In serting these into (59) and (60) one finds

                              ,          ,  (61)

where

                                                        . (62)

These are two equa tions which de ter mine the two un knowns:       and       .
For S = 1 one needs equa tions for (l = 0, m = 1), (l = 1, m = 1), (l = 0, m = 2), (l = 0,

m = 3). This yields 8 equa tions for the eight un knowns. Solving these equa tions we ob tain
for        and       the fol low ing ex pres sions

(63)

(64)

For S = 3/2 one needs equa tions for
(l = 0, m = 1), (l = 1, m = 1), (l = 0, m = 2), (l = 0, m = 3), (l = 1, m = 2), (l = 1, m = 3), a 
(l = 2, m = 2). This yields 14 equa tions for the eight un knowns. Solving these equa tions
we ob tain for        and        the fol low ing ex pres sions

(65) 

(66)

From (61), (63), (64) and (65), (66) the val ues of the to tal mag ne ti za tion           and the 
equi lib rium po lar an gle q of the mag ne ti za tion are de ter mined for S = 1/2, S = 1, and
S = 3/2, re spec tively:

(67)
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(68)

3. Con clu sion

The pre sented fermionic Green func tion method has re cently been suc cess fully ap -
plied to treat mag netic re ori en ta tion in fer ro mag netic thin films [4], [7] and in fer ro mag -
netic monolayers [8], [9]. In ref er ence [10] within fermionic Green func tions method the
prop er ties of he transversal Heisenberg model is con sid ered. The many-body Green func -
tion the ory al lows cal cu la tions the mag netic prop er ties of a Heisenberg ferromagnet (anti- 
ferromagnet) over the en tire tem per a ture range of in ter est in con trast to other meth ods,
which are only valid at low (Hol stein-Primakoff ap proach) or high tem per a tures (high
tem per a ture ex pan sions). We have used the sym met ric and antisymmetric Tyablikov
(RPA) de coup ling for the ex change in ter ac tion term. 
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