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f(xj,y;). The function is defined by primitive recursion on ¢ as a p.r. function:

Mo(xayat) =t
]Mi+1(x’yat) = U(M(xayat)ai7l‘ay)-

It has the following properties which will be needed in the sequel:

Tri+1<2" 5 Mi(x+1,y,(z17)) = <Z, Mi(x,al[x,y],l),r) (1)
Tri+l1<2" A Mooiry(z,00[2,y],0) =11 >

2
ngnilﬂ-(am- 1,y, (z,l,r)) = (z,ll,M(I,ag[x,y,ﬂl(ll)],r)). @)

Proof. (1): By induction on i. In the base case, clearly 0+ 1 < 2%*! and thus
Mo+ 1,9, (5, 17)) = (. 1,7) = (2, Mo, 01 [, ), 1), 7)-

In the induction step, if (i + 1) +1 < 2%*! then i + 1 < 2°*! and therefore

M (z+1,y,{z,1,7)) = U(Mi([l,' + 1Ly, {(z,0,7)), i,z + l,y) H

= U((za Mi(xao-l [may],l),’l’>,i,$ + 17y) 3'5':8(1)
B (z, U(Mi(x’al[m’y]’l)’ivxvgl [;z:,y]),T) = (ZaMi+1(fU,01[CE,y]al)a7").

(2): By induction on 7. In the base case suppose that Mae+1.1 (2,01 [2,y],1) = 11.
We clearly have 0+ 1 < 2! and thus

1
Maeni oy (2 + 1,y (2,1,7)) = Myowror (z+ Ly, (2,0,7)) &

= (Z,M21+1;1(l‘,0'1 [:c,y],l),r) = (Zalhr) = (Z,ll,Mo(x,ag[ﬂf,y,nl(h)],?")).

In the induction step, assume (i+1)+1< 2% and Moos1. (z,01[2,y],1) = 11.
Then i + 1 < 27*! and we obtain

Moaeryi(ivn) (2 + 1,5, (2,1,7)) = Myeriogin (@ + Ly, (2,0,7)) =
= U(M2“"+141+i(1' + ]-aya (Z,l,?”‘)),2m+1 =1+ i"'l’. + 1’y) IE

= U((Z,llaMz‘(l’;02[l’,y,ﬂ1(l1)]77n))’2:E+1 iz 1’y) 3.5.8(2)

= (z,ll, U(M(I,ag[x,y,1'[1(11)],7“),i,x,ag[x,y,ﬂl(ll)])> =

- <Z,Z17 M+1(x,02[$,y,ﬂ1(11)],r)>'
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3.5.10 Course of values function. The binary function ?(:c,y) returns
the computation tree for f(z,y). The course of values function for f satisfies

T+ £(0,y) = {p[y],0,0) (1)
Tr—?(:c,al[:c,y])=l/\f(x,02[:c,y,n1(l)])=7’—> (2)
flx+1l,y)= <9[ac,T[1(l),T[1(7°),y],l,r)

and it is defined explicitly as a p.r. function by
fz,y) = M2x+1il(ac,y, Full(z + 1))
Proof. (1): Tt follows from

£(0,y) = Maor1-1(0,y, Full(0+ 1)) = My (0,y, Full(1)) = M1 (0,,(0,0,0)) =
= U(Mo(0,4.(0,0,0).0,0,) = U({0,0,0),0,0,y) **=%
=(V(0,y,0,0),0,0) = (p[y],0,0).
(2): Suppose that
f(z,01[x,9]) =1
F(z, 02z, y, 10 (1)]) = 7.
Then, by definition, we have
Maesr oy (z,01[z,y], Pull(z +1)) =1 (1)
Myeoroy (z,00[z,y, T (1)], Full(z +1)) =7 (f5)

and therefore

flz+1,y)= M21‘+1+1;1($ + 1y, Full(z+ 1+ 1)) =
= Mosr2og.q (2 +1,y, (0, Full(z + 1), Pull(z +1))) =

U(MWLQ(x +1,,(0, Pull(z + 1), Pull(z +1))),2"*? = 2,2 + 1,y) =

U(M2w+1-1+(2w+1-1)(x +1,9, (07 Full(z + 1), Full(x + 1)))7

97429 4 i1, y) (1), 3.5.9(2)

U((O,l, M2w+1il(x,02 [@,y, 10 (1)], Full(z + 1))),2“2 =2 T+ 1,y) (t2)



