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Abstract. Contextualized Knowledge Repository (CKR) is a DL-based frame-
work for representation and reasoning with context dependent knowledge. It ad-
dresses the widely recognized need for contextualization of the Semantic Web
data sources. Reasoning with CKR is possible thanks to a reduction to stan-
dard DL, and more recently a NEXPTIME tableaux algorithm was introduced
for ALC-based CKR. In this paper we present an EXPTIME tableaux algorithm
for ALC-based CKR. The algorithm not only formally defines a tableaux deci-
sion procedure with optimal complexity, it is also presented in a form that can
be effectively applied in practice employing a suitable rule application strategy
together with node caching.

1 Introduction

The enormous amount of semantic resources available in the Web in form of data sets
and ontologies brings unforeseen opportunities for their reuse in different applications.
It is becoming more and more clear that most of the knowledge represented in these
resources is not universally valid, but it rather holds under certain circumstances, such
as within a given time, location, or specific domain of interest. However, in many cases,
information about this validity scope is completely missing from resource meta data.

Thus, the development of formal frameworks enabling specification and principled
interpretation of such contextual meta data is an important issue for the Semantic Web
and Linked Open Data communities. A number of such formalisms have been proposed,
e.g. [2,9]. Contextualized Knowledge Repository (CKR) [11] is one of them. CKR is
a logical framework that allows for encapsulation of description logic (DL) knowledge
bases (KB) into contexts, and for specification of the contextual structure in a formal
meta language. CKR KB can be built on SROIQ DL (corresponding to OWL 2) or on
any of its fragments.

The only decision procedure known for SROIQ-based CKR is based on trans-
lation [11] into a single SROIQ KB. This translation showed decidability of CKR,
but for actual reasoning it is not very practical, since it introduces a significant blowup
in the KB size. This approach is especially unpractical for any of the more effective
fragments of SROIQ: regardless of the initial fragment, the translation in [11] pro-
duces a KB that uses constructs strictly in SROIQ and complexity of SROIQ is
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very high (2NEXPTIME). For realistic reasoning with DL, tableau algorithms are typi-
cally employed. The first known direct tableaux algorithm was devised for ALC-based
CKR [4]. It extends the well known tableau algorithm for ALC [1] and its complex-
ity is NEXPTIME. However, ALC is EXPTIME-complete [1] and EXPTIME decision
procedures for ALC are known [5,6].

In this paper we describe an EXPTIME-tableau algorithm for ALC-based CKR. We
build on the ideas of Goré and Nguyen [6]. In order to eliminate non-determinism, the
completion trees are replaced with structures called and-or graphs. In such structure,
both branches of a non-deterministic choice introduced by disjunction (t) are explic-
itly represented. Satisfiability of the branches is propagated bottom-up and if it reaches
an initial node, we can be sure that a model exists. To guarantee the exponential bound
on the size of the graph, a global caching of nodes is used, enabled by a proper rule-
application strategy. In order to reason with contexts, the algorithm of [6] was extended
in multiple respects. Multiple node labels were introduced and a number of new ex-
pansion rules were added in order to implement the CKR semantics. We have also
extended the algorithm with ABoxes, to be able to decide satisfiability of realistic CKR
knowledge bases. We have thus reached an optimized EXPTIME decision procedure for
ALC-based CKR.

2 Contextualized Knowledge Repositories

Throughout this section we will recall some of the needed definitions for DL andALC:
for precise semantics and other details please refer to [1]. A DL vocabulary Σ = NC ]
NR ] NI is composed of the three mutually disjoint subsets NC of atomic concepts,
NR of roles, and NI of individuals. InALC [10], concepts are inductively defined from
atomic concepts and the constructors ¬,u and ∃. A TBox T is a finite set of general
concept inclusions (GCI) of the form C v D. An ABox A is a finite set of axioms of
the form C(a) or R(a, b). A knowledge base is a pair K = 〈T ,A〉.

We briefly introduce the basic definition of CKR, for all details see [11]. A meta vo-
cabulary Γ is used to state information about contexts. It contains contextual attributes
(called dimensions), their possible values and coverage relations between these values.
Formally, it is a DL vocabulary that contains: (a) a finite set of individuals called context
identifiers; (b) a finite set of roles A called dimensions; (c) for every dimensionA ∈ A,
a finite set of individualsDA, called dimensional values, and a role≺A, called coverage
relation. The number of dimensions k = |A| is assumed to be a fixed constant.

Dimensional vectors are used to identify each context with a specific set of di-
mensional values. Given a meta-vocabulary Γ with dimensions A = {A1, . . . , Ak},
a dimensional vector d = {Ai1 :=d1, . . . , Aim :=dm} is a (possibly empty) set of as-
signments such that for every j, h, with 1 ≤ j ≤ h ≤ m, dj ∈ DAij

, and j 6= h

implies ij 6= ih. A dimensional vector d is full if it assigns values to all dimensions
(i.e., |d| = k), otherwise it is partial. If it is apparent which value belongs to which
dimension, we simply write {d1, . . . , dm}. By dA (eA, etc.) we denote the actual value
that d (e, etc.) assigns to the dimension A. The dimensional space DΓ of Γ is the set
of all full dimensional vectors of Γ .



An object-vocabulary encodes knowledge inside contexts: it is a standard DL vo-
cabulary Σ closed w.r.t. concept/role qualification. That is, for every concept or role
symbol X of Σ and every (possibly partial) dimensional vector d, a new symbol Xd

is added to Σ, called the qualification of X w.r.t. d. If d is partial then Xd is partially
qualified, if d is full, it is fully qualified. Qualified symbols are used inside contexts to
refer to the meaning of symbols w.r.t. some other context.

Contexts and CKR knowledge bases are formally defined as follows.

Definition 1 (Context). Given a pair of meta and object vocabularies 〈Γ,Σ〉, a context
is a triple 〈C,dim(C),K(C)〉 where: (a) C is a context identifier of Γ ; (b) dim(C) is a
full dimensional vector of DΓ ; (c) K(C) is an ALC knowledge base over Σ.

Definition 2 (Contextualized Knowledge Repository). Given a pair of meta and ob-
ject vocabularies 〈Γ,Σ〉, a CKR knowledge base (CKR) is a pair K = 〈M,C〉 where C
is a set of contexts on 〈Γ,Σ〉 and M, called meta knowledge, is a DL knowledge base
over Γ such that:
(a) for A∈A and d, d′∈DA, if M |= A(C, d) and M |= A(C, d′) then M |= d = d′;
(b) for C ∈ C with dim(C) = d and for A ∈ A, we have M |= A(C, dA);
(c) the relation {〈d, d′〉 |M |= d≺Ad′} is a strict partial order on DA.

Note that in CKR built over more expressive logics, conditions (a)–(c) can be assured
directly in the meta knowledge with respective axioms: each A ∈ A is declared func-
tional, and each ≺A is declared irreflexive and transitive. In ALC we do not have this
option, however, since the number of dimensions and contexts is assumed to be finite,
the conditions can be verified even without a reasoner (e.g., by some script) once the
meta knowledge is modeled. These conditions are needed to assure reasonable proper-
ties of contextual space, i.e., acyclicity, dimensional values uniquely determined [11].

In the rest of the paper we assume that CKR knowledge bases are defined over
some suitable vocabulary 〈Γ,Σ〉, and all concepts are in negation normal form (NNF).
We also assume the unique name assumption (UNA) for the meta knowledge (i.e., if
a 6= b are two different symbols then M 6|= a = b). This is just to avoid the confusing
possibility of two contexts located as the same place in the dimensional space.

For a CKR K, we will denote by Cd a context with dim(C) = d. For d, e ∈ DΓ

and B,C ⊆ A, dB := {(A:=d) ∈ d | A ∈ B} is the projection of d w.r.t. B; and
dB+eC := dB ∪ {(A:=d) ∈ eC | A /∈ B} is the completion of dB w.r.t. eC.

We define strict (≺) and non-strict (�) coverage between dimensional values: for
d, d′ ∈ DA, d ≺ d′ if M |= d≺Ad′; and d � d′ if either d ≺ d′ or M |= d = d′.
Similarly, for dimensional vectors: d �B e for some B ⊆ A if dB � eB for each
B ∈ B; and d ≺B e if d �B e and dB ≺ eB for at least one B ∈ B. Also, d � e if
d �A e, and d ≺ e if d ≺A e. Finally, for contexts: Cd � Ce if d � e, and Cd ≺ Ce if
d ≺ e. Intuitively, if Cd ≺ Ce, then Cd is the narrower and Ce is the broader context.

Example 1. We explain the possibilities in representation and reasoning of the CKR
framework with a simple running example. In this example, we want to model the
football domain and related competitions: each of these football events can be thus
represented as a separate context, defining the situation of each particular competition.
An example CKR Kfb instantiating this scenario is shown in Fig. 1. This CKR uses



Fig. 1. Example CKR knowledge base Kfb

three dimensions time, location, and topic. It shows three contexts representing the
general football context and two particular competitions. The contexts are identified by
dimensional vectors fb (general context of football in 2010), wc10 (FIFA World Cup
2010), and nfl10 (national football leagues in 2010). Axioms are placed inside each
context while the associated vector is placed above it. The coverage relation ≺ is visu-
alized with arrows. Note that, for instance, it is evident that the interpretation of concept
WinnerTeam depends on the particular context of reference: while in the situation of
the World Cup the winner team is defined as “the winner of the final match”, in the con-
text of national leagues a winner team is “a winner of a national league”. Note also that,
by using the qualified symbol ChampionPlayerwc10, we can refer to the interpretation
of the symbol in the World Cup context from the general football context. 3

CKR uses DL semantics inside each context combined with some additional semantic
restrictions that ensure proper meaning of qualified symbols.

Definition 3. A partial DL interpretation of a vocabulary Σ is a pair I =
〈
∆I , ·I

〉
,

where ∆I is a possibly empty set, and ·I is a partial function, that is totally defined on
NC and NR, with CI ⊆ ∆I for C ∈ NC and RI ⊆ ∆I ×∆I for R ∈ NR, and it is
partially defined on NI, with aI ∈ ∆I for a ∈ NI on which I is defined.

Note that the definition asks for some exceptions to the standard DL semantics [1]. Par-
tial interpretations need not necessarily provide denotations for all individuals of Σ.
This is needed for technical reasons: intuitively, all contexts rely on the same object
vocabulary Σ, but some element of Σ may not be meaningful in all contexts. Also, in-
terpretations with empty domains are useful to treat inconsistency among contexts [11].

Semantics of non-atomic concepts is defined from the usual interpretation of ALC
constructors [1]. Notice that for each concept C, if I is the interpretation on the empty
set ∆I , then CI = ∅. An interpretation I satisfies an axiom α (denoted I |= α) if it
is defined on all the symbols occurring in α and the following holds: I |= C v D iff
CI ⊆ DI ; I |= C(a) iff aI ∈ CI ; and I |= R(a, b) iff

〈
aI , bI

〉
∈ RI . I is a model

of K = 〈T ,A〉 (denoted I |= K) iff it satisfies all axioms in T ∪ A; K is satisfiable if
it has a model. Notice that, if I is the interpretation on the empty domain we have that
I |= C v D for every pair ofALC concepts C andD, and I 6|= α for every assertion α
of the form C(a) and R(a, b). A concept C is satisfiable w.r.t. an ALC KB K iff there
exists a model I of K s.t. CI is non-empty. A subsumption formula C v D is entailed
by an ALC KB K iff CI ⊆ DI in all models I of K. It is well known that these two
problems are inter-reducible [1].



Definition 4 (CKR-Model). A model of a CKR K is a collection I = {Id}d∈DΓ
of

partial DL interpretations (local interpretations) s.t. for all d, e, f ∈ DΓ , B ⊆ A,
A ∈ NC, R ∈ NR, X ∈ NC ∪NR, a ∈ NI:

1. (>d)
If ⊆ (>e)

If if d ≺ e
2. (Af )

Id ⊆ (>f )
Id

3. (Rf )
Id ⊆ (>f )

Id × (>f )
Id

4. aIe = aId if d ≺ e and
– aId is defined or,
– aIe is defined and aIe ∈ ∆d

5. (XdB
)Ie = (XdB+e)

Ie

6. (Xd)
Ie = (Xd)

Id if d ≺ e
7. (Af )

Id = (Af )
Ie ∩∆d if d ≺ e

8. (Rf )
Id = (Rf )

Ie ∩ (∆d×∆d) if d ≺ e
9. Id |= K(Cd)

The semantics takes care that local domains respect the coverage hierarchy (condi-
tion 1). Note that >d represents the domain of Id in the context where it appears.
Individuals have a rigid meaning: however, the meaning of an individual in a super-
context is independent if its meaning in a sub-context is undefined (condition 4). The
interpretation of Xf in any context Cd is roofed under (>f )

Id (conditions 2, 3). The
meaning of Xf in some context Ce is based on its context of origin Cf if this context
is less specific than Ce (condition 6); otherwise, at least, any Xf in Cd and Ce must
be equal on the shared part of their domains (conditions 7,8). Each Id is a DL-model
of Cd (condition 9). Condition 5 provides the meaning of partially qualified symbols:
values for attributes not specified are taken from the dimensions of the context in which
the symbol appears. From this reading, we can show that, albeit useful for modeling,
partially qualified vectors are a kind of syntactic sugar [11].

Given a CKR K and d ∈ DΓ , a concept C is d-satisfiable w.r.t. K if there exists
a CKR model I = {Ie}e∈DΓ

of K such that CId 6= ∅; K is d-satisfiable if it has a
CKR model I = {Ie}e∈DΓ

such that ∆d 6= ∅; K is globally satisfiable if it has a CKR
model I = {Ie}e∈DΓ

such that ∆e 6= ∅ for every e ∈ DΓ . An axiom α is d-entailed
by K (denoted K |= d : α) if for every model I = {Ie}e∈DΓ

of K it holds Id |= α.
As usual, d-entailment can be reduced to d-satisfiability: in particular K |= d : C v D
iff C u ¬D is not d-satisfiable w.r.t. K. Also, C is d-satisfiable w.r.t. K iff K′ is d-
satisfiable, where K′ is obtained from K by adding the axiom C(s0) to Cd and s0 is a
new constant not used elsewhere in K.

In the rest of the paper we will assume that all symbols are fully qualified. Given a K
with partially qualified symbols, it can be replaced by an equivalent KB K′ in which any
partially qualified symbolXdB

appearing in some context Ce is replaced byXdB+e (see
[11]), however for sake of legibility we will occasionally use partially qualified symbols
as syntactic sugar in the examples.

Given a concept C and a CKR K = 〈M,C〉, we will denote clos(C) the set of all
syntactically correct atomic and complex concepts that occur in C. We will denote by
closK(C) the set of all syntactically correct atomic and complex concepts that occur in
C or in any axiom of the contexts in C. We denote by RK,C the set of roles appearing
in C or some or in any axiom of the contexts in C.

3 EXPTIME Tableaux Algorithm for CKR

The known tableaux algorithm for ALC-based CKR takes at most exponentially many
steps before it decides if the input concept/CKR is satisfiable. To deal with disjunction



(t) the algorithm makes non-deterministic choices, and therefore it is NEXPTIME. This
is similar to the classic tableaux algorithm for ALC. To obtain an EXPTIME algorithm
for ALC the non-determinism has to be eliminated [5,6].

Similarly to Goré and Nguyen [6] we will employ and-or graphs to eliminate non-
determinism. This is obtained by explicitly representing both possibilities resulting
from a disjunctive choice.

Definition 5 (And-or graph). Given a CKR K and a concept C in NNF and d ∈ DΓ ,
an and-or graph is a quadruple G = 〈V,E,L, {Le}e∈DΓ

〉 where:

(a) V is a set of structured nodes s.t. for every x ∈ V :
– x.type ⊆ {TOP,AND,OR},
– x.status ∈ {EXP,UNEXP,SAT,UNSAT},
– for each e ∈ DΓ , Ve ⊆ V is a distinguished subset of V ;

(b) E ⊆ V × V is a set of edges;
(c) L is a partial labeling function from E to 2RK,C ;
(d) for each e ∈ DΓ , Le is a labeling function from Ve to 2closK(C).

And-or graphs are similar to completion trees which are often used by tableaux algo-
rithms [4,6] in that they are composed of nodes with labels3. There are multiple types
of nodes: if AND (OR,TOP) belongs to x.type then x is called an and-node (or-node,
top-node). And-nodes are similar to nodes in a completion tree: their successors rep-
resent other nodes related by some role. Or-nodes represent choices: their successors
can be understood as alternative versions. And- and or-nodes are mutually exclusive.
Top-nodes represent ABox individuals and they can also be and- or or-nodes.

If 〈x, y〉 ∈ E, then y is a predecessor of x and conversely y is a successor of x.
If in addition R ∈ L(〈x, y〉), then y is an R-predecessor of x and conversely y is an
R-successor of x. If y is a successor of an or-node x, then y is an or-successor of x
and x is an or-predecessor of y. Ancestors, R-ancestors, or-ancestors and descendants,
R-descendants, or-descendants are defined as transitive closure on the respective type
of predecessors and successors as usual.

The algorithm iteratively expands the nodes of the and-or graph using a set of
tableaux expansion rules. The status of each node x is tracked in x.status. First the
status is UNEXP. If all of the nodes labels are fully expanded, the status is EXP and the
node is evaluated. A node x contains a clash if for some d ∈ DΓ and some concept C
both C ∈ Ld(x) and ¬C ∈ Ld(x) or if ⊥ ∈ Ld(x). In such a case the status is set to
UNSAT. Otherwise the node is clash-free and its status is set to SAT.

In order to limit the size of the generated and-or graph (and in turn the time com-
plexity) node caching [6] will be employed (see also blocking condition in [4]). If two
nodes have all labels equal, we only store one of them and use it as representation of
both. A node x ∈ V is a witness for another node y ∈ V if Le(x) = Le(y) for all
e ∈ DΓ . If a witness is found, the node y is removed and the witness x is used in its
place by redirecting to x all of the incoming edges of y.

3 Note that, differently from the previous version of the algorithm [4], the labels for edges are
not distinguished by dimensional vector, as in the case of node labels. This allow us to simplify
the completion rules (namely, by removing the R-rule used by [4]), but special care must be
observed when proving the correctness of the algorithm.



In order to deal with the ABox, the ABox individuals are encoded into the and-or
graph during the initialization. This technique is well known for logics like ALC [1].
However in CKR same individuals appearing in different contexts may possibly have
different meanings. In the graph, individuals will be represented by nodes with status
TOP of the form ag where a ∈ NI and g ∈ DΓ identifies the context in which the in-
dividual was first introduced. To implement condition 4 of CKR-models we will merge
nodes when needed using a merge(x, y) procedure.

Definition 6 (Merging). Executing merge(x, y) on G = 〈V,E,L, {Le}e∈DΓ
〉, with

x, y ∈ V , transforms G as follows: a) node x is added into Ve for all e ∈ DΓ s.t.
y ∈ Ve; b) all concepts from Le(y) are added into Le(x), for all e ∈ DΓ ; c) all edges
directed into/from y are redirected into/from x; d) node y is removed from V .

The algorithm uses tableau expansion rules from Table 1. We say that a tableaux rule
is applicable on some node x ∈ V if all of its preconditions (the if-part of the rule)
are satisfied for x. The and-or graph is complete if none of the rules is applicable. The
rules can be split into two groups: t- and ∃-rules are generating because they generate
new nodes; the remaining rules are expanding because they do not generate new nodes
but instead expand the labels within existing nodes. For reasoning inside each context
the well known ALC tableaux rules [1] are used (the left hand side of Table 1) with
some notable modifications. The t-rule is adapted for and-or graphs, instead of an non-
deterministic choice it generates or-successors. The perspective of the ∀-rule is altered
in order to unify it with other expanding rules: it is applicable on a node x which has a
predecessor y which has a value restriction in its label. The ∃-rule implements part of
the CKR semantics because it also adds >f to the label of the generated Rf -successor.

u-rule: if x ∈ Vd, C1 u C2 ∈ Ld(x),
{C1, C2} 6⊆ Ld(x)

then Ld(x) := Ld(x) ∪ {C1, C2}

t-rule: if x ∈ Vd, C1 t C2 ∈ Ld(x),
{C1, C2} ∩ Ld(x) = ∅

then Vd := Vd ∪ {y, z} with y, z new
E := E ∪ {〈x, y〉 , 〈x, z〉},
Ld(y) := Ld(x)∪{C1},
Ld(z) := Ld(x)∪{C2}

∃-rule: if x ∈ Vd, ∃Rf .C ∈ Ld(x), and there is no
Rf -successor y ∈ Vd of x s.t. C ∈ Ld(y)

then Vd := Vd ∪ {z} with z new,
E := E ∪ {〈x, z〉},
L(〈x, z〉) := {Rf}, Ld(z) := {C,>f}

∀-rule: if x ∈ Vd, ∀Rf .C ∈ Ld(y), C /∈ Ld(x),
y ∈ Vd is anRf -predecessor of x

then Ld(x) := Ld(x) ∪ {C}

T -rule: if x ∈ Vd, C v D ∈ K(Cd),
nnf(¬C tD) /∈ Ld(x)

then Ld(x) := Ld(x) ∪ {nnf(¬C tD)}

∆↑-rule: if x ∈ Vd,d ≺ e, x /∈ Ve

then Ve := Ve ∪ {x}

∆↓-rule: if x ∈ Ve,d ≺ e, x /∈ Vd

>d ∈ Le(x)
then Vd = Vd ∪ {x}

A-rule: if x ∈ Vd ∩ Ve,d ≺ e or d � e,
Af ∈ Ld(x), Af /∈ Le(x)

then Le(x) := Le(x) ∪ {Af}

>∃-rule: if x ∈ Vd, ∃Rf .C ∈ Ld(x),
>f /∈ Ld(x)

then Ld(x) := Ld(x) ∪ {>f}

>A-rule: if x ∈ Ve, Ad ∈ Le(x),
>d /∈ Le(x)

then Le(x) := Le(x) ∪ {>d}

>v-rule: if x ∈ Vd, e ≺ f ,
¬>e t >f /∈ Ld(x)

then Ld(x) := Ld(x) ∪ {¬>e t >f}

M-rule: if ag ∈ Vd, a
h ∈ Ve, and d � e,

then merge(ag, ah)

Table 1. CKR tableaux completion rules



Similarly theA-rule propagates concepts between labels. The>A- and>∃-rules ensure
conditions 2-3 of the CKR models (and partly the ∃-rule is also instrumental in this).

Rules on the right of Table 1 are largely responsible for maintaining the CKR se-
mantics. The ∆↓- and ∆↑-rules propagate nodes across contexts. Finally the >v is
responsible to maintain the hierarchy of tops within each contexts, and the M-rule is
responsible for note merging. These rules are adapted from the existing NEXPTIME al-
gorithm for ALC-based CKR: refer to [4] for further details. Necessary adaptations in-
clude especially implementing the so called never look behind strategy [6] under which
all nodes are fully expanded before any generating rule is applied. The previously used
>R-rule [4] violated this strategy: its function is now divided between ∃- and >∃-rules.

The algorithm itself is presented in Fig. 2. It takes as input a CKR K and generates
an and-or graph. If eventually all top-nodes have status SAT the algorithm concludes
that K is d-satisfiable. If one of the top-nodes reaches status UNSAT the algorithm
concludes the contrary. The and-or graph G is initialized in the first for each loop.
All of the original ABox individuals are represented as nodes and marked as TOP.

In the main loop that follows G is expanded until all the TOP elements have a
defined status SAT or UNSAT. In each iteration, an unexpanded node x is picked and
processed. First, all of the expanding rules are applied on x; in this process the node
is fully expanded. Consecutively the cache is queried and if the node was generated
before, it is discarded and represented by its cached version. If there is a clash, the node
is marked as UNSAT. Otherwise the algorithm proceeds with generating the successors
of x. Following the never look behind strategy, or-successors are generated first so that
we generate all the alternative versions of x which are further expanded in the future
iterations of the loop. Only if the t-rule is no longer applicable, the ∃-rule is finally
applied. Finally the node is pronounced satisfiable if its a leaf node (at this point there
is no clash due to the preceding unsatisfiability check). If the rule has successors, its
status is set to EXP and its satisfiability will be verified later by propagation from its
successors. If the status SAT or UNSAT is already known, it is propagated to the node
predecessors by calling the propagate(G, x) procedure shown in Fig. 3.

Special care must be observed when top-nodes (or their or-successors) are pro-
cessed. Occasionally some of these nodes have to be merged using the M-rule: labels of
such nodes and also incoming and outgoing edges are combined. Also, if the t-rule is
applied on such a node x resulting into successors y and z, all ABox relations need to
be propagated to y and z. Note also that after merging and or-branching of top-nodes or
their or-successors the neighboring nodes are affected because further expansions may
be triggered by the ∀-rule; hence these nodes are reset to status UNEXP.

Before discussing correctness of the procedure, we present an example of deduction.

Example 2. We revise the deduction example from [4]. Using the algorithm and our
example CKR Kfb , we can show a proof for the following subsumption:

Kfb |= nfl10 : WorldChampionPlayerfb v ∀playsForwc10.WinnerTeamwc10

Intuitively, we are asking to verify whether, in the context of nfl10, “all of the world
champion players play in a winner team in the World Cup”. In the initialization step,
since Kfb does not contain ABoxes, we have Vnfl10 = {snfl10

0 }, Lnfl10(s
nfl10
0 ) =

{WorldChampionPlayerfb u ∃playsForwc10.¬WinnerTeamwc10}, and snfl10
0 .type =



Input: CKR K, d ∈ DΓ

Output: And-or graphG = 〈V,E,L, {Le}e∈DΓ
〉 s.t. K is d-satisfiable iff,

for all x ∈ V with TOP ∈ x.type, x.status = SAT

begin
for each e ∈ DΓ initialize Ve, Le,E, and L:

Ve := {ae |C(a) ∈ K(Ce)} ∪ {ae, be |R(a, b) ∈ K(Ce)};
E := {〈ae, be〉 |R(a, b) ∈ K(Ce), e ∈ DΓ };
Le(a

e) := {C |C(a) ∈ K(Ce)}, for all ae ∈ V ;
L(〈ae, be〉) := {R |R(a, b)∈K(Ce)}, for all 〈ae, be〉 ∈ E;
x.type := {TOP}, x.status := UNEXP, for all x ∈ V ;

while (y.status /∈ {SAT,UNSAT} for some y ∈ V s.t. TOP ∈ y.type and
there is x ∈ V s.t. x.status = UNEXP)

// Node expansion
while (one of u, ∀, T , ∆↑, ∆↓, A,>∃,>A,>v, M-rules is applicable on x)

if (M-rule is applicable on x and some y)
apply M-rule on x and y yielding z; z.type := {TOP};
z.status := UNEXP; w.status := UNEXP for all successors w of z;

else apply one of u, ∀, T , ∆↑, ∆↓, A,>∃,>A,>v-rules to x;
end if;

end while;

// Caching (the node is now fully expanded)
if (there is a witness x′ ∈ V of x and TOP /∈ x.type and TOP /∈ y.type for all or-ancestors y of x)

for each (y ∈ V ; y predecessor of x)
add

〈
y, x′〉 toE; L(

〈
y, x′〉) := L(〈y, x〉); remove 〈y, x〉 fromE;

end for each;
remove x from V ;

// Unsatisfiability check
else if (x contains a clash) x.status := UNSAT;

// Or-branching
else if (t-rule is applicable on x)

apply t-rule to x yielding new nodes y, z;
if (TOP ∈ x.type)

double all edges from/to x including labels and redirect to both y and z;
w.status := UNEXP for all successors w of y and z;

end if;
y.type := z.type := {}; y.status := z.status := UNEXP;
x.type := x.type ∪ {OR}; x.status := EXP;

// And-branching
else if (∃-rule is applicable on x)

while (∃-rule is applicable on x)
apply ∃-rule to x yielding a new node y;
y.type := {}; y.status := UNEXP;

end while;
x.type := x.type ∪ {AND}; x.status := EXP;

// Now x is a leaf node, fully expanded and satisfiable
else x.status := SAT;
end if;

// Propagation check
if (x.status ∈ {SAT,UNSAT}) propagate(G, x); end if;

end while;
end.

Fig. 2. EXPTIME procedure for ALC CKR



Input: and-or graphG = 〈V,E,L, {Le}e∈DΓ
〉 and y ∈ V with y.status ∈ {SAT,UNSAT}

Output: modified and-or graphG

begin
queue := {y};
while (queue not empty)

extract x from queue;
for each u ∈ V with (u, x) ∈ E and u.status = EXP

if (u.type ∈ OR and one of its successors has status SAT)
or (u.type ∈ AND and all of its successors have status SAT)
u.status := SAT; queue := queue ∪ {u};

if (u.type ∈ AND and one of its successors has status UNSAT)
or (u.type ∈ OR and all of its successors have status UNSAT)
u.status := UNSAT; queue := queue ∪ {u};

end for each;
end while;

end.

Fig. 3. propagate(G, y) procedure

TOP, snfl10
0 .status = UNEXP. Since Cnfl10 is the only initialized context, we write s0

in place of snfl10
0 for simplicity of presentation. The expansion starts from s0 with the

following steps:

– Lnfl10(s0) := Lnfl10(s0) ∪ {WorldChampionPlayerfb,
∃playsForwc10.¬WinnerTeamwc10} by u-rule;

– Vfb := {s0}, Lfb(s0) := {WorldChampionPlayer} by ∆↑ and A-rule;
– Lnfl10(s0) := Lnfl10(s0) ∪ {>wc10} by >∃-rule;
– Lfb(s0) := Lfb(s0) ∪ {>wc10}, Vwc10 := {s0} by A and ∆↓-rule;
– Lfb(s0) := Lfb(s0) ∪ {¬WorldChampionPlayer t ChampionPlayerwc10},
Lwc10(s0) := Lfb(s0) ∪ {¬ChampionPlayer t ∀playsFor.WinnerTeam} by T -rule;

– The local expansion on s0 terminates here: a pair of or-successors s00 and s10 are generated by
the application of t-rule;

– {¬WorldChampionPlayer,WorldChampionPlayer} ⊆ Lfb(s
0
0), thus this node is recognized

as clashing and s00.status := UNSAT; Lfb(s
1
0) := Lfb(s0) ∪ {ChampionPlayerwc10};

– Lwc10(s
1
0) := Lwc10(s

1
0) ∪ {ChampionPlayer} by A-rule;

– The local expansion on s10 terminates here: a pair of or-successors s20 and s30 are generated by
the application of t-rule;

– {¬ChampionPlayer,ChampionPlayer} ⊆ Lwc10(s
2
0), thus this node is recognized as clash-

ing and s20.status := UNSAT; Lwc10(s
3
0) := Lwc10(s

1
0) ∪ {∀playsFor.WinnerTeam};

– The local expansion on s30 terminates here: a successor s1 ∈ Vnfl10 is generated by the applica-
tion of ∃-rule with L(

〈
s30, s1

〉
)={playsForwc10}, Lnfl10(s1) :={¬WinnerTeam,>wc10};

– Vfb := Vfb ∪ {s1}, Lfb(s1) := {>wc10}, Vwc10 := Vwc10 ∪ {s1} by ∆↑, A and ∆↓-rules;
– Lwc10(s1) := Lwc10(s1) ∪ {WinnerTeam} by ∀-rule;
– Lfb(s1) :=Lfb(s1)∪{WinnerTeam},Lnfl10(s1) :=Lnfl10(s1)∪{WinnerTeam} byA-rule;

Last rule application on s1 leads to a clash, since {¬WinnerTeam,WinnerTeam} ⊆
Lnfl10(s1). This causes the propagation of UNSAT status to s30 and its predecessors
until s0.status is assigned UNSAT, closing the deduction. The resulting and-or graph
is depicted in Fig. 4: links from OR nodes are represented by dotted arrows, while solid
arrows represent links from AND nodes. 3



3.1 Algorithm correctness

We now prove that the presented algorithm is terminating, sound and complete w.r.t.
CKR semantics. This is showed by a correspondence between the generated and-or
graph and a CKR model. For space reasons, we provide only a sketch of the main steps.

Theorem 1 (Correctness). Given a CKR K and d ∈ DΓ on the input, the tableaux
algorithm always terminates and K is d-satisfiable iff it generates an and-or graph
G = 〈V,E,L, {Le}e∈DΓ

〉 s.t. for all x ∈ V with TOP ∈ x.type, x.status = SAT.

Proof (Sketch.). Termination. Follows from Theorem 2 (see below).

Soundness. Assume that the algorithm constructs an and-or graphG such that x.status =
SAT for all x ∈ V with TOP ∈ x.type. We show that K is d-satisfiable by constructing
a model I = {Ie}e∈DΓ

from G s.t. ∆d 6= ∅ as follows:

– let S := ∅; for x = ag ∈ V , TOP ∈ x.type: if OR /∈ x.type, define S := S ∪ {x}
and aIe = x for e ∈ DΓ s.t. ag ∈ Ve. Otherwise, if OR ∈ x.type, let S := S ∪ {y}
and aIe = y for y an or-successor of x s.t. y.status = SAT and OR /∈ y.type.

– for x ∈ S, let ∆e := ∆e ∪ {x} if e ∈ DΓ s.t. x ∈ Ve.
– for x ∈ S, let AIe := AIe ∪ {x} for all A ∈ Le(x) for e ∈ DΓ s.t. x ∈ Ve.
– for x ∈ S, if y is a R-successor of x: if y is not an OR node, RIe := RIe ∪ {〈x, y〉},

for all R ∈ L(〈x, y〉) and e ∈ DΓ s.t. x, y ∈ Ve; add y to S if it has not been visited
yet. Otherwise, if y is an OR node and z is an or-successor of y s.t. z.status = SAT
and OR /∈ z.type, RIe := RIe ∪ {〈x, z〉}, for all R ∈ L(〈x, y〉) and e ∈ DΓ s.t.
x, y ∈ Ve; add z to S if it has not been visited yet.

From this model definition, we can show that if C ∈ Le(x) then x ∈ CIe .
Moreover we can show that I satisfies conditions (1–9) of Definition 4. In particular,

we note that condition 8 is satisfied: To prove the ⊆ inclusion, assume 〈x, y〉 ∈ RIdf .
Then by the construction 〈x, y〉 ∈ (∆d ×∆d). Now we need to distinguish two cases.
If 〈x, y〉 ∈ E, then by application of the ∆↑-rule we obtain x, y ∈ Ve thus proving that
also 〈x, y〉 ∈ RIef . The other case, when 〈x, y〉 /∈ E is proven similarly, by showing the
property for a 〈x, y′〉 ∈ E with y′ an or-predecessor of y. On the other hand, to prove
the ⊇ inclusion, we assume that 〈x, y〉 ∈ RIef ∩ (∆d × ∆d). We can now show that
〈x, y〉 ∈ RIdf by the application of the ∆↓-rule.

s0

s10

s30s20

s1

s00

s0.type = TOP,OR
s0.status = UNSAT

s00.type = ∅
s00.status = UNSAT

s10.type = OR
s10.status = UNSAT

s20.type = ∅
s20.status = UNSAT

s30.type = AND
s30.status = UNSAT

s1.type = ∅
s1.status = UNSAT

Fig. 4. And-or graph for Example 2



Thus, I is indeed a CKR model for K and by construction ∆d 6= ∅.

Completeness. Let I be a model of K s.t. K is d-satisfiable w.r.t. I. The proof is by
bi-simulation: we simulate the run of the algorithm on the given input following the
branch identified by I and inductively construct a partial mapping π : V → ⋃

e∈DΓ
∆e

for which we will show the following property (∗):

For each node x ∈ V and for each e ∈ DΓ : (a) if x ∈ Ve then π(x) ∈ ∆e;
(b) if C ∈ Le(x) then π(x) ∈ CIe ; (c) if R ∈ L(〈x, y〉) with x, y ∈ Ve then
〈π(x), π(y)〉 ∈ RIe ; (d) if ag ∈ Ve then aIe = π(ag).

The proof proceeds by showing that (∗) is verified on every node x ∈ V after each
rule application and algorithm step. For example, in the application of the t-rule, with
TOP /∈ x.type: if the rule is applicable, C1 t C2 ∈ Le(x). As (∗) was satisfied before
the rule was applied, we have either π(x) ∈ CIe1 or π(x) ∈ CIe2 . After the rule is ap-
plied, let us define π(y) := π(x) in the case π(x) ∈ CIe1 and π(z) := π(x) otherwise.
Hence (∗) is still satisfied after the rule was applied: basically, in the definition of π we
follow a branch that is consistent with the interpretation I.

At the end of the run, we can show by contradiction that no node mapped by π
contains a clash: suppose that for x ∈ V (in the domain of π), e ∈ DΓ and some
concept D, we have both D ∈ Le(x) and ¬D ∈ Le(x). However, from (∗) this would
imply that π(x)∈DIe∩¬DIe , contradicting the fact that I is a CKR interpretation. ut

3.2 Computational Complexity

Theorem 2 (Complexity). The algorithm always terminates and runs in EXPTIME.

Proof (Sketch.). The size of the input KB will be denoted by |K| = |M|+∑C∈C |K(C)| =
m. Observe that for the number n of contexts in K we have n ≤ m as adding a context
into C requires to add a number of axioms into M. There are at most m2 possible con-
cepts that can possibly appear in one of the labels. There are at most n labels, therefore
the number of concepts in all node’s labels is bounded by m3. Therefore there are at
most 2m

3

different nodes. For the nodes that are subject to caching this is a firm bound.
However, the initial nodes and their or-descendant are not cached. Under each initial
node, the binary tree of or-descendants has the depth at most m3 because with each or-
branching at least one label is expanded. Hence the maximum number of these nodes
altogether is m × 2m

3

. By analysing the main loop and each of the rules we are able
to estimate the maximum number of steps required to generate one node by m6. Hence
the total number of steps required to generate the whole and-or graph is bounded by
m7 × 2m

3

and this is bounded by O(2m
5

) as for m > 4 we have m7 ≤ 2m
2

. Finally,
the propagation of the status bottom-up can be alternatively emulated by breadth-first
search once the graph is fully generated. Breadth-first search is quadratic in the number
of nodes, hence it takes at most (m× 2m

3

)2 which is smaller then O(2m
5

). And hence,
as the algorithm is deterministic, it is in EXPTIME. ut



4 Related Works

The principal references for the definition of our algorithm are the works by Goré and
Nguyen proposing deterministic EXPTIME procedures for ALC [6] and its extensions
(e.g. for SHI in [7]). For our goals, we only adapted the non optimized version of the
algorithm from [6]. However, also by the fact that we follow the same never look be-
hind approach in our rules and we work on a similar and-or structure, we could easily
adopt some of the optimizations from [6]. For example, we can avoid redundant com-
putations by noting that, if x is an AND node we can mark it as UNSAT as soon as
an UNSAT successor is found (and similarly for OR nodes and SAT successors). We
can also investigate different search strategies and cutoffs for our algorithm, to possibly
prune unuseful branches on the base of node statuses.

The main complexity result for CKR has been described in [11]. Through a poly-
nomial reduction to SROIQ, it is proved that reasoning in SROIQ-based CKR is
2NEXPTIME-complete. Thus, the contextualization of knowledge provided by CKR
does not imply a complexity jump in reasoning. This “non-jumping property”, however,
can not be guaranteed for weaker languages by reusing the same translation: given that
it introduces role chain axioms in the target, the resulting KB is strictly in SROIQ.
This property has been verified for ALC-based CKR by proposing a different reduc-
tion in [3]. In order to stay in EXPTIME, the reduction has been adapted to produce an
ALCO(t) KB. However, using this reduction for reasoning is not practically efficient:
the translation adds a large (cubic) number of axioms in order to track complex rela-
tions between qualified symbols in a single KB. Thus, while the presented EXPTIME
procedure may not add novelty to the complexity result, it clearly allows for more ef-
fective reasoning: local reasoning is executed on single node labels and only relevant
consequences are propagated to other contexts.

A related proposal for the contextualization of the ALC is ALCALC [9], a multi-
modal extension ofALC which shares with CKR the possibility to formalize the contex-
tual structure in a distinct meta-language. The two frameworks differ from the expres-
sivity of the contextual assertions: for instance, inALCALC it is also possible to qualify
knowledge with respect to classes of contexts. Complexity of reasoning in ALCALC
jumps to 2EXPTIME: on the other hand, the result presented for CKR proves that con-
textualization of ALC can be obtained without such a complexity jump.

5 Conclusions

Contextualized Knowledge Repository (CKR) is a DL-based representation framework
providing a contextual layer for Semantic Web knowledge resources. CKR knowledge
bases can be built on top of SROIQ or any of its fragments: one relevant fragment
is the ALC DL, for which reasoning is known to be EXPTIME-complete. In this pa-
per we presented a sound and complete EXPTIME tableaux algorithm for ALC based
CKR. While it was already known that reasoning in ALC based CKR is EXPTIME-
complete [3], this is the first direct tableaux procedure for this fragment meeting the
complexity bound. The algorithm has been defined starting from a NEXPTIME tableaux
algorithm [4,8] by adopting the approach introduced for ALC in [6]. Our procedure is
extended to manage CKR contextual semantics and to include ABox reasoning.



As for future directions, we would like to extend the procedure to more expressive
DL (e.g. SROIQ) and study its optimizations, possibly by adapting some of the ideas
in [6], in view of an implementation. Moreover, the fact that contexts are compatible
but, to a certain extent, also independent, may be exploited [4] to study parallelization
and distribution of reasoning.
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