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expected value of a random variable
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accuracy refinement

𝑓 𝑥 =
1

2𝜋𝜎2
ⅇ
−
𝑥−𝜇 2

2𝜎2

𝜎 = 2.5; 𝜇 = 121.5

probability density function
of the normal distribution:
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expected value of a random variable
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probability density function

න

−∞

∞

𝑓 𝑥 ⅆ𝑥 = 1



expected value of a random variable
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𝑓 𝑥

probability density function

𝑃[𝑋 ≤ 120] = න

−∞

120

𝑓 𝑥 ⅆ𝑥



expected value of a random variable
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𝑓 𝑥

probability density function

𝑃[120 < 𝑋 ≤ 124] =

= න

120

124

𝑓 𝑥 ⅆ𝑥 =

= 0.841345 - 0.274253 =

= 0.567092



expected value of a random variable

𝑓 𝑥 =
1

2𝜋𝜎2
ⅇ
−
𝑥−𝜇 2

2𝜎2

𝜎 = 2.5; 𝜇 = 121.5

probability density function
of the normal distribution:

𝐸 𝑋 = න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

0.02 𝑥 ∈ (114,115]𝑓 𝑥 =

0 𝑥 ∈ −∞, 114

Zadajte rovnicu.
0 𝑥 ∈ (115,∞)



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

114׬0.02
115

𝑥 ⅆ𝑥=

= 0.02
𝑥2

2 114

115

=

= 0.02
1152−1142

2
=

= 0.02 × 114.5
0.02 × 114.5

0.02 𝑥 ∈ (114,115]

0 𝑥 ∈ −∞, 114

0 𝑥 ∈ (115,∞)



expected value of a random variable
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න
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∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

115׬0.02
116

𝑥 ⅆ𝑥=

= 0.02
𝑥2

2 115

116

=

= 0.02
1162−1152

2
=

= 0.02 × 115.5
0.02 × 114.5+ 0.02 × 115.5

0.02 𝑥 ∈ (115,116]

0 𝑥 ∈ −∞, 115

0 𝑥 ∈ (116,∞)



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

116׬0.04
117

𝑥 ⅆ𝑥=

= 0.04
𝑥2

2 116

117

=

= 0.04
1172−1162

2
=

= 0.04 × 116.5
0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5

0.04 𝑥 ∈ (116,117]

0 𝑥 ∈ −∞, 116

0 𝑥 ∈ (117,∞)



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

117׬0.04
118

𝑥 ⅆ𝑥=

= 0.04
𝑥2

2 117

118

=

= 0.04
1182−1172

2
=

= 0.04 × 117.5
0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5

0.04 𝑥 ∈ (117,118]

0 𝑥 ∈ −∞, 117

0 𝑥 ∈ (118,∞)



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

118׬0.06
119

𝑥 ⅆ𝑥=

= 0.06
𝑥2

2 118

119

=

= 0.06
1192−1182

2
=

= 0.06 × 118.5
0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5

0.06 𝑥 ∈ (118,119]

0 𝑥 ∈ −∞, 118

0 𝑥 ∈ (119,∞)
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

0.1 119׬
120

𝑥 ⅆ𝑥=

= 0.1
𝑥2

2 119

120

=

= 0.1
1202−1192

2
=

= 0.1 × 119.5
0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5

0.1 𝑥 ∈ (119,120]

0 𝑥 ∈ −∞, 119

0 𝑥 ∈ (120,∞)



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

120׬0.14
121

𝑥 ⅆ𝑥=

= 0.14
𝑥2

2 120

121

=

= 0.14
1212−1202

2
=

= 0.14 × 120.5
0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5

0.14 𝑥 ∈ (120,121]

0 𝑥 ∈ −∞, 120

0 𝑥 ∈ (121,∞)



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

𝑓 𝑥 =

121׬0.16
122

𝑥 ⅆ𝑥=

= 0.16 × 121.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5

0.16 𝑥 ∈ (121,122]

0 𝑥 ∈ −∞, 121

0 𝑥 ∈ (122,∞)
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

122׬0.14
123

𝑥 ⅆ𝑥=

= 0.14 × 122.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5



expected value of a random variable

0.02
0.04
0.06

0.08
0.1
0.12
0.14
0.16

න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

0.1 123׬
124

𝑥 ⅆ𝑥=

= 0.1 × 123.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

124׬0.06
125

𝑥 ⅆ𝑥=

= 0.06 × 124.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5



expected value of a random variable

0.02
0.04
0.06

0.08
0.1
0.12
0.14
0.16

න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

125׬0.04
126

𝑥 ⅆ𝑥=

= 0.04 × 125.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5+ 0.04 × 125.5



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

126׬0.04
125

𝑥 ⅆ𝑥=

= 0.04 × 126.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5+ 0.04 × 125.5+ 0.04 × 126.5



expected value of a random variable

0.02
0.04
0.06

0.08
0.1
0.12
0.14
0.16

න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

127׬0.02
128

𝑥 ⅆ𝑥=

= 0.02 × 127.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5+ 0.04 × 125.5+ 0.04 × 126.5+ 0.02 × 127.5



expected value of a random variable
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න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥

128׬0.02
129

𝑥 ⅆ𝑥=

= 0.02 × 128.5

0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5+ 0.04 × 125.5+ 0.04 × 126.5+ 0.02 × 127.5+ 0.02 × 128.5



expected value of a random variable
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0.06

0.08
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𝐸 𝑋 = 0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5+ 0.04 × 125.5+ 0.04 × 126.5+ 0.02 × 127.5+ 0.02 × 128.5= 121.5

𝐸 𝑋 = න

−∞

∞

𝑥𝑓 𝑥 ⅆ𝑥



expected value of a random variable
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𝐸 𝑋 = 0.02 × 114.5+ 0.02 × 115.5+ 0.04 × 116.5+ 0.04 × 117.5+ 0.06 × 118.5+ 0.1 × 119.5+ 0.14 × 120.5+ 0.16 × 121.5+
+ 0.14 × 122.5+ 0.1 × 123.5+ 0.06 × 124.5+ 0.04 × 125.5+ 0.04 × 126.5+ 0.02 × 127.5+ 0.02 × 128.5= 121.5

𝐸 𝑔(𝑋) =෍

𝑥

𝑓(𝑥)𝑔 𝑥



expected value of a random variable

𝐸 𝑋 =
1

50
× 114.5+

1

50
× 115.5+

2

50
× 116.5+

2

50
× 117.5+

3

50
× 118.5+

5

50
× 119.5+

7

50
× 120.5+

8

50
× 121.5+

+
7

50
× 122.5+

5

50
× 123.5+

3

50
× 124.5+

2

50
× 125.5+

2

50
× 126.5+

1

50
× 127.5+

1

50
× 128.5= 121.5

0.02
0.04
0.06

0.08
0.1
0.12
0.14
0.16

𝐸 𝑔(𝑋) =෍

𝑥

𝑓(𝑥)𝑔 𝑥

𝑔 𝑥 = 𝑥 −
1

2

𝑓(𝑥)



expected value of a random variable

𝐸 𝑋 =
1

50
(1 × 114.5+1 × 115.5+2 × 116.5+2 × 117.5+3 × 118.5+5 × 119.5+7 × 120.5+8 × 121.5+

+7 × 122.5+5 × 123.5+3 × 124.5+2 × 125.5+2 × 126.5+1 × 127.5+1 × 128.5)= 121.5

𝐸 𝑔(𝑋) =෍

𝑥

𝑓(𝑥)𝑔 𝑥

𝑔 𝑥 = 𝑥 −
1

2

𝑓 𝑥 =
𝑛𝑥

෍
𝑗
𝑛𝑗



variance of a random variable

𝐸 𝑋 =
1

𝑁
෍

𝑖

𝑛𝑖𝑥𝑖

𝐸 𝑋 =
1

4
(2 + 2 × 2.5 + 3)

1

2

#

1 2 3 4 5

𝑖 𝑛𝑖 𝑥𝑖

1 1 2

2 2 2.5

3 1 3



variance of a random variable

𝐸 𝑋 =
1

𝑁
෍

𝑖

𝑛𝑖𝑥𝑖

𝐸[(𝑋 − 𝐸[𝑋])] =
1

4
(2 − 2.5 + 2 × 2.5 − 2.5 + 3 − 2.5)

1 2 3 4 5

𝐸 𝑋 =
1

4
2 + 2 × 2.5 + 3 = 2.5



variance of a random variable

𝐸 𝑋 =
1

𝑁
෍

𝑖

𝑛𝑖𝑥𝑖

𝐸 𝑋 − 𝐸 𝑋 2 =
1

4
(2 − 2.5 + 2 × 2.5 − 2.5 + 3 − 2.5)

1 2 3 4 5

𝐸 𝑋 =
1

4
2 + 2 × 2.5 + 3 = 2.5



variance of a random variable

𝐸 𝑋 =
1

𝑁
෍

𝑖

𝑛𝑖𝑥𝑖

𝐸[(𝑋 − 𝐸[𝑋])2] =
1

4
((2 − 2.5)2+2 × (2.5 − 2.5)2+(3 − 2.5)2) = 0.125

1 2 3 4 5

𝐸 𝑋 =
1

4
2 + 2 × 2.5 + 3 = 2.5



variance of a random variable

𝑉𝑎𝑟 𝑋 = 𝐸[(𝑋 − 𝐸[𝑋])2]

𝑉𝑎𝑟 𝑋 = 𝐸[𝑋2] − 𝐸[𝑋]2

1 2 3 4 5

𝑉𝑎𝑟(𝑋) =
1

4
((2 − 2.5)2+2 × (2.5 − 2.5)2+(3 − 2.5)2) = 0.125

1 4 52 3

𝑉𝑎𝑟(𝑋) =
1

4
((1 − 2.5)2+(2 − 2.5)2+(3 − 2.5)2+(4 − 2.5)2) = 1.25



covariance of two random variables

𝑉𝑎𝑟 𝑋 = 𝐶𝑜𝑣(𝑋, 𝑋)

𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸[(𝑋 − 𝐸[𝑋])(𝑌 − 𝐸[𝑌])]

1

2

1 2 3

3

𝑥

𝑦

𝑉𝑎𝑟 𝑋 = 𝐶𝑜𝑣(𝑋, 𝑋)=

=
1

3
((1 − 2)2+(2 − 2)2+(3 − 2)2)= +

2

3



covariance of two random variables

𝑉𝑎𝑟 𝑋 = 𝐶𝑜𝑣(𝑋, 𝑋)

𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸[(𝑋 − 𝐸[𝑋])(𝑌 − 𝐸[𝑌])]

1

2

1 2 3

3

𝑥

𝑦

𝐶𝑜𝑣(𝑋, 𝑌)=

=
1

3
( 1 − 2 3 − 2 + 2 − 2 2 + 3 − 2 1 − 2 )=−

2

3
− + + −



covariance of two random variables

𝑉𝑎𝑟 𝑋 = 𝐶𝑜𝑣(𝑋, 𝑋)

𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸[(𝑋 − 𝐸[𝑋])(𝑌 − 𝐸[𝑌])]

1

2

1 2 3

3

𝑥

𝑦

𝐶𝑜𝑣(𝑋, 𝑌)=

=
1

3
( 1 − 2 + 2 − 2 + 3 − 2 ) 1 − 1 ) = 0



covariance matrix

𝐸[(𝑋1 − 𝐸[𝑋1])(𝑋1 − 𝐸[𝑋1])] 𝐸[(𝑋1 − 𝐸[𝑋1])(𝑋2 − 𝐸[𝑋2])]

𝐸[(𝑋2 − 𝐸[𝑋2])(𝑋𝑛 − 𝐸[𝑋𝑛])]𝐸[(𝑋2 − 𝐸[𝑋2])(𝑋1 − 𝐸[𝑋1])] 𝐸[(𝑋2 − 𝐸[𝑋2])(𝑋2 − 𝐸[𝑋2])]

𝐸[(𝑋1 − 𝐸[𝑋1])(𝑋𝑛 − 𝐸[𝑋𝑛])]

𝐸[(𝑋𝑛 − 𝐸[𝑋𝑛])(𝑋𝑛 − 𝐸[𝑋𝑛])]𝐸[(𝑋𝑛 − 𝐸[𝑋𝑛])(𝑋1 − 𝐸[𝑋1])] 𝐸[(𝑋𝑛 − 𝐸[𝑋𝑛])(𝑋2 − 𝐸[𝑋2])]



covariance matrix

𝐶𝑜𝑣(𝑋, 𝑋) 𝐶𝑜𝑣(𝑋, 𝑌)

𝐶𝑜𝑣(𝑌, 𝑋) 𝐶𝑜𝑣(𝑌, 𝑌)

𝑋

𝑌



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣(𝑋, 𝑌)= 𝐶𝑜𝑣(𝑌, 𝑋)=

=
1

3
( 1 − 2 + 2 − 2 + 3 − 2 ) 1 − 1 ) = 0

𝐶𝑜𝑣(𝑌, 𝑌)=

=
1

3
( 1 − 1 + 1 − 1 + 1 − 1 ) 1 − 1 ) = 0

𝐶𝑜𝑣(𝑋, 𝑋)=

=
1

3
( 1 − 2 2 + 2 − 2 2 + 3 − 2 2)) =

2

3



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 = 0

𝐶𝑜𝑣(𝑌, 𝑌)=0

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

0

00

2

3



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 = 0

𝐶𝑜𝑣(𝑌, 𝑌)=0

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

0

00

2

3

0

1



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 = 0

𝐶𝑜𝑣(𝑌, 𝑌)=0

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

0

00

2

3

0

1

=
0

0



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 = 0

𝐶𝑜𝑣(𝑌, 𝑌)=0

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

0

00

2

3

1

1

=

2

3

0



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 = 0

𝐶𝑜𝑣(𝑌, 𝑌)=0

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

0

00

2

3

1

0

=

2

3

0



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 = 0

𝐶𝑜𝑣(𝑌, 𝑌)=0

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

0

00

2

3

1

0

=
2

3
0

1



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 =
2

3
𝐶𝑜𝑣(𝑌, 𝑌)=

2

3

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

2

3
1

0

=

2

3
2

3

2

3

2

3

2

3



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 =
2

3
𝐶𝑜𝑣(𝑌, 𝑌)=

2

3

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

2

3
0

1

=

2

3
2

3

2

3

2

3

2

3



covariance matrix

1

2

1 2 3

3

𝑥

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐶𝑜𝑣 𝑌, 𝑋 =
2

3
𝐶𝑜𝑣(𝑌, 𝑌)=

2

3

𝐶𝑜𝑣(𝑋, 𝑋)=
2

3

2

3

2

3

2

3

2

3

1

1

=
2

3
1

1



eigenvector vector of a linear transformation

2

3

2

3

2

3

2

3

1

1

=
2

3
1

1

𝐾𝒗 = 𝜆𝒗



eigenvector vector of a linear transformation

𝐾𝒗 = 𝜆𝒗

eigenvector eigenvalue

𝐾 − 𝜆𝑰 = 𝑴

𝑀𝒗 = 𝟎



eigenvector vector of a linear transformation

𝐾𝒗 = 𝜆𝒗

eigenvector eigenvalue

𝐾 − 𝜆𝑰 = 𝑴

𝑀𝒗 = 𝟎 ⇔ 𝑀 = 𝟎

determinant



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 𝑴

𝑀 =

2 1

1 2

2 1

1 2

−

2 1

1 2

𝜆



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

2 1

1 2

−

2 1

1 2

𝜆 =
2 − 𝜆 1

1 2 − 𝜆



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

= 0
2 − 𝜆 1

1 2 − 𝜆

= 𝑎ⅆ − 𝑏𝑐
𝑎 𝑏

𝑐 ⅆ



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

= 𝑎ⅆ − 𝑏𝑐
𝑎 𝑏

𝑐 ⅆ
4 − 4𝜆 + 𝜆2 − 1 = 0



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

= 𝑎ⅆ − 𝑏𝑐
𝑎 𝑏

𝑐 ⅆ
(𝜆 − 1)(𝜆 − 3) = 0

𝜆 = 1; 𝜆 = 3



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

𝜆 = 1: 2 1

1 2

−

1 0

0 1

𝜆 =
1 1

1 1



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

𝜆 = 1:

=
1 1

1 1

𝑥

𝑦

0

0

⇒ 𝑣𝜆=1=
𝑥

−𝑥

𝑥 ∈ ℝ; 𝑥 ≠ 0



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

𝜆 = 3: 2 1

1 2

−

1 0

0 1

𝜆 =
−1 1

1 −1



eigenvector vector of a linear transformation

𝐾 =

𝐾 − 𝜆𝑰 = 0

2 1

1 2

𝜆 = 3:

=
−1 1

1 −1

𝑥

𝑦

0

0

⇒ 𝑣𝜆=3=
𝑥

𝑥

𝑥 ∈ ℝ; 𝑥 ≠ 0


