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• scalar vector multiplication

𝑤 = (2, 1)
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2

4O = (0, 0)
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𝑛 =
𝑤
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=
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http://m.wolframalpha.com/

𝑒1 = 1, 0,0
𝑒2 = 0, 1,0
𝑒3 = 0, 0,1

• Linear combination

• 𝑥𝑒1 + 𝑦𝑒2 + 𝑧𝑒3 = 𝑥, 𝑦, 𝑧

• 𝑒1 + 𝑒2 + 𝑒3 = 1,1,1
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Matrix

1 2 3
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• Transpose

• vector as a matrix
3 × 2

1 2 3 𝑇 =
1
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• Vector = a row or column
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2𝑥 + 𝑦 = 2

2𝑥 − 𝑦
2𝑥 + 𝑦

=
2 −1
2 1

𝑥
𝑦

multiplication

2 −1
2 1

𝑥
𝑦 =

0
2



Matrix

2 −1 0
2 1 2

~ 1 −
1

2
0

2 1 2

~

~ 1 −
1

2
0

0 2 2

~ 1 −
1

2
0

0 1 1

~

~ 1 0
1

2
0 1 1

2 −1
2 1

𝑥
𝑦 =

0
2



Matrix
2 −1 0
2 1 2

~ 1 −
1

2
0

2 1 2

~

~ 1 −
1

2
0

0 2 2

~ 1 −
1

2
0

0 1 1

~

~ 1 0
1

2
0 1 1

1 0
0 1

𝑥
𝑦 =

1

2

1



Matrix
2 −1 0
2 1 2

~ 1 0
1

2
0 1 1

1 0
0 1

𝑥
𝑦 =

1

2

1

2 −1
2 1

𝑥
𝑦 =

0
2



Matrix

2 −1
2 1

𝑥
𝑦 =

0
2

1 0
0 1

𝑥
𝑦 =

1

2

1



Matrix

𝑥
𝑦 =

1

2

1

2 −1
2 1

𝑥
𝑦 =

0
2

𝑥
2
2

+ 𝑦
−1
1

=
0
2



Matrix

𝑥
𝑦 =

1

2

1

2 −1
2 1

𝑥
𝑦 =

0
2

𝑥
2
2

+ 𝑦
−1
1

=
0
2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1

𝑢

Ԧ𝑣



Matrix

𝑥
𝑦 =

1

2

1

2 −1
2 1

𝑥
𝑦 =

0
2

𝑥
2
2

+ 𝑦
−1
1

=
0
2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1

𝑢

Ԧ𝑣

𝑒1 =
1
0

; 𝑒2 =
0
1

𝑒1

𝑒2

axes



Matrix

𝑥
𝑦 =

1

2

1

2 −1
2 1

𝑥
𝑦 =

0
2

𝑥
2
2

+ 𝑦
−1
1

=
0
2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1

𝑢

Ԧ𝑣

𝑒1 =
1
0

; 𝑒2 =
0
1

𝑒1

𝑒2

1

2
1



Matrix

2 −1
2 1

1

2

1
=

0
2

2 −1
2 1

𝑥
𝑦 =

0
2

𝑥
2
2

+ 𝑦
−1
1

=
0
2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1

𝑢

Ԧ𝑣

𝑒1 =
1
0

; 𝑒2 =
0
1

𝑒1

𝑒2

1

2
1

0
2



Matrix

2 −1
2 1

1

2

1
=

0
2

2 −1
2 1

𝑥
𝑦 =

0
2

𝑥𝑢 + 𝑦 Ԧ𝑣 =
0
2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1

𝑢

Ԧ𝑣

𝑒1 =
1
0

; 𝑒2 =
0
1

𝑒1

𝑒2

1

2
1

0
2



Matrix

2 −1
2 1

1

2

1
=

0
2

2 −1
2 1

𝑥
𝑦 =

0
2

1

2
𝑢 + 𝑦 Ԧ𝑣 =

0
2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1

𝑢

Ԧ𝑣

𝑒1 =
1
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0
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2
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0
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0
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2
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1
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0
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2
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=
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𝑒1 =
1
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0
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𝑒1
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1

2
1

0
2

1

2
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1

2
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=

0
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=
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1

2
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2
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1
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0
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−
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2
1

2

1

2
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𝑒1

𝑢
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Matrix as a transformation
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2
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−
1

2
1

2
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2
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Matrix as a transformation

Ԧ𝑣

2

𝑒1 =
1
0

; 𝑒2 =
0
1

1

2
−

1

2
1

2

1

2

1
1

= ?

𝑒1

𝑒2

𝑒1

𝑒2

𝑢

8𝑢

|𝑢|
=

1

2
1

2

;
Ԧ𝑣

| Ԧ𝑣|
=

−
1

2
1

2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1



Matrix as a transformation

Ԧ𝑣

2

𝑒1 =
1
0

; 𝑒2 =
0
1

1

2
−

1

2
1

2

1

2

1
1

=
0

2

𝑒1

𝑒2

𝑒1

𝑒2

𝑢

8𝑢

|𝑢|
=

1

2
1

2

;
Ԧ𝑣

| Ԧ𝑣|
=

−
1

2
1

2

𝑢 =
2
2

; Ԧ𝑣 =
−1
1



Matrix as a transformation

𝑒1 =
1
0

; 𝑒2 =
0
1

2 0
0 2

𝑥
y = ?

𝑒1

𝑒2

𝑒1



Matrix as a transformation

𝑒1 =
1
0

; 𝑒2 =
0
1

2 0
0 2

𝑥
y =

2𝑥
2y

𝑒1

𝑒2

𝑒1

𝑢 =
2
0

; Ԧ𝑣 =
0
2

Ԧ𝑣

𝑢



Dot product

Ԧ𝑎 ⋅ 𝑏 = 𝑎𝑥 𝑎𝑦 𝑎𝑧

𝑏𝑥
𝑏𝑦
𝑏𝑧

= 𝑎𝑥𝑏𝑥 + 𝑎𝑦𝑏𝑦 + 𝑎𝑧𝑏𝑧

Ԧ𝑎 =

𝑎𝑥
𝑎𝑦
𝑎𝑧

; 𝑏 =

𝑏𝑥
𝑏2
𝑏𝑧



Dot product

𝑤 = (4, 2)

𝑥

𝑦

2

4𝑒1

𝑒2

𝑒2 ⋅ 𝑤 =  ?

𝑒1 ⋅ 𝑤 =  ?



Dot product

𝑤 = (4, 2)

𝑥

𝑦

2

4𝑒1

𝑒2

𝑒2 ⋅ 𝑤 = 0 1
4
2

= 2

𝑒1 ⋅ 𝑤 = 1 0
4
2

= 4



Dot product

𝑤 = (4, 2)

𝑥

𝑦

2

4𝑒1

2𝑒2

𝑒2 ⋅ 𝑤 = 0 1
4
2

= 2

𝑒1 ⋅ 𝑤 = 1 0
4
2

= 4

𝑤 = 4𝑒1 + 2𝑒2



Dot product

𝑤 = (4, 2)

𝑥

𝑦

2

4𝑒1

𝑒2

Ԧ𝑣 ⋅ 𝑤 = −
1

2

1

2

4
2

= 
−2

2

𝑢 ⋅ 𝑤 = 
1

2

1

2

4
2

= 
6

2

𝑢

Ԧ𝑣

𝑢 =

1

2
1

2

; Ԧ𝑣 =

−
1

2
1

2

−2

2

6

2

𝑤 =
6

2
𝑢 +

−2

2
Ԧ𝑣



Dot product

𝑤 = (3, 3)

𝑥

𝑦

𝑒1

𝑒2

𝑒1 ⋅ 𝑤 = 1 0
3
3

= 3

𝑤 = 32 + 32 = 3 2

𝑒1⋅𝑤

𝑤
=

3

3 2
= cos 45𝑜

3

𝑤 cos 𝛼 = 𝑒1 ⋅ 𝑤
𝛼



Dot product

Ԧ𝑣 ⋅ 𝑤 = 1 0
3
3

= 3

𝑤 = 32 + 32 = 3 2

𝑣⋅𝑤

|𝑣| 𝑤
=

3

3 2
= cos 45𝑜

𝑤 | Ԧ𝑣| cos 𝜃 = Ԧ𝑣 ⋅ 𝑤



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1



Linear interpolation

• For 𝑡 ∈ 0, 1

𝑥

𝑦

𝑣0

𝑣1



Linear interpolation

• For 𝑡 ∈ 0, 1
• 𝑡 = 0

𝑥

𝑦

𝑣0



Linear interpolation

• For 𝑡 ∈ 0, 1
• 𝑡 = 1

𝑥

𝑦

𝑣1



Linear interpolation

• For 𝑡 ∈ 0, 1

• 𝑡 =
1

2

𝑥

𝑦



Linear interpolation

• For 𝑡 ∈ 0, 1

• 𝑡 =
1

4

𝑥

𝑦



Linear interpolation

• For 𝑡 ∈ 0, 1

• 𝑡 =
3

4

𝑥

𝑦

?



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑡 = 0 ⇒ 1𝑣0 + 0𝑣1



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑡 = 0 ⇒ 1𝑣0 + 0𝑣1
• 𝑡 = 1 ⇒ 0𝑣0 + 1𝑣1



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑡 = 0 ⇒ 1𝑣0 + 0𝑣1
• 𝑡 = 1 ⇒ 0𝑣0 + 1𝑣1
• 𝑎𝑣0 + 𝑏𝑣1



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑎𝑣0 + 𝑏𝑣1

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑎𝑣0 + 𝑏𝑣1
• 𝑣0 + 𝑡𝑢

𝑡𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑎𝑣0 + 𝑏𝑣1
• 𝑣0 + 𝑡𝑢

𝑡𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑎𝑣0 + 𝑏𝑣1
• 𝑣0 + 1𝑢

1𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

• 𝑢 = 𝑣1 − 𝑣0

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

• 𝑢 = 𝑣1 − 𝑣0
• 𝑣𝑡 = 𝑣0 + 𝑡𝑢

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

• 𝑢 = 𝑣1 − 𝑣0
• 𝑣𝑡 = 𝑣0 + 𝑡(𝑣1 − 𝑣0)

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

• 𝑢 = 𝑣1 − 𝑣0
• 𝑣𝑡 = 𝑣0 + 𝑡(𝑣1 − 𝑣0)

• 𝑣𝑡 = 𝑣0 + 𝑡𝑣1 − 𝑡𝑣0

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

• 𝑢 = 𝑣1 − 𝑣0
• 𝑣𝑡 = 𝑣0 + 𝑡(𝑣1 − 𝑣0)

• 𝑣𝑡 = 𝑣0 + 𝑡𝑣1 − 𝑡𝑣0
• 𝑣𝑡 = 𝑣0 − 𝑡𝑣0 + 𝑡𝑣1

𝑢

𝑣1 = 𝑣0 + 𝑢



Linear interpolation

𝑥

𝑦

𝑣0

𝑣1• For 𝑡 ∈ 0, 1
• 𝑣𝑡 = 𝑎𝑣0 + 𝑏𝑣1
• 𝑣1 = 𝑣0 + 𝑢

• 𝑢 = 𝑣1 − 𝑣0
• 𝑣𝑡 = 𝑣0 + 𝑡(𝑣1 − 𝑣0)

• 𝑣𝑡 = 𝑣0 + 𝑡𝑣1 − 𝑡𝑣0
• 𝑣𝑡 = 𝑣0 − 𝑡𝑣0 + 𝑡𝑣1
• 𝑣𝑡 = (1 − 𝑡) 𝑣0 + 𝑡𝑣1

𝑢

𝑣1 = 𝑣0 + 𝑢



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

𝑥

𝑦

𝑣0

𝑣1



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

𝑥

𝑦

𝑣1

𝑣0

1

1



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

𝑥

𝑦

𝑣1

𝑣0

𝜃



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

𝑥

𝑦

𝑣1

𝑣0

𝜃



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

?

1

1



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽
?



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽
sin 𝛽



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑤1 =
sin 𝛽

sin(𝛼+𝛽)
𝑣1

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽
sin 𝛽

𝑤1



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑤1 =
sin 𝛽

sin(𝛼+𝛽)
𝑣1

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽

𝑤1



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑤1 =
sin 𝛽

sin(𝛼+𝛽)
𝑣1

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽

sin 𝛼

𝑤1



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑤1 =
sin 𝛽

sin(𝛼+𝛽)
𝑣1

• 𝑤0 =
sin 𝛼

sin(𝛼+𝛽)
𝑣0

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡

sin 𝛼 + 𝛽

sin 𝛼

𝑤1

𝑤0



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑤1 =
sin 𝛽

sin(𝛼+𝛽)
𝑣1

• 𝑤0 =
sin 𝛼

sin(𝛼+𝛽)
𝑣0

𝑥

𝑦

𝑣1

𝑣0

𝑣𝑡

sin 𝛼 + 𝛽

sin 𝛼

𝑤1

𝑤0



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑤1 =
sin 𝛽

sin(𝛼+𝛽)
𝑣1

• 𝑤0 =
sin 𝛼

sin(𝛼+𝛽)
𝑣0

• 𝑣𝑡 = 𝑤0 +𝑤1

𝑥

𝑦

𝑣1

𝑣0

𝑣𝑡

sin 𝛼 + 𝛽

sin 𝛼

𝑤1

𝑤0



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑣𝑡 =
sin 𝛼

sin(𝛼+𝛽)
𝑣0 +

sin 𝛽

sin(𝛼+𝛽)
𝑣1

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑣𝑡 =
sin 𝛼

sin 𝜃
𝑣0 +

sin 𝛽

sin 𝜃
𝑣1

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑡 = 0 ⇒ 𝑣𝑡 = 𝑣0

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑡 = 0 ⇒ 𝜃 = 𝛼

• 𝜃 = 𝛼 ⇒ 𝛽 = 0 = 𝜃𝑡

• 𝑣𝑡 =
sin 𝛼

sin 𝜃
𝑣0 +

sin 𝛽

sin 𝜃
𝑣1

𝑥

𝑦

𝑣𝑡

𝑣1

𝛼



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑡 = 0 ⇒ 𝜃 = 𝛼

• 𝜃 = 𝛼 ⇒ 𝛽 = 0 = 𝑡𝜃

• 𝑣𝑡 =
sin 𝛼

sin 𝜃
𝑣0 +

sin 𝑡𝜃

sin 𝜃
𝑣1

𝑥

𝑦

𝑣𝑡

𝑣1

𝛼



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑡 = 1 ⇒ 𝑣𝑡 = 𝑣1

• 𝑣𝑡 =
sin 𝛼

sin 𝜃
𝑣0 +

sin 𝑡𝜃

sin 𝜃
𝑣1

𝑥

𝑦

𝑣1

𝑣0
𝛼

𝛽

𝑣𝑡



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑡 = 1 ⇒ 𝜃 = 𝛽

• 𝜃 = 𝛽 ⇒ 𝛼 = 0 = (1 − 𝑡)𝜃

• 𝑣𝑡 =
sin((1−𝑡)𝜃)

sin 𝜃
𝑣0 +

sin 𝑡𝜃

sin 𝜃
𝑣1

𝑥

𝑦

𝑣0

𝑣𝑡

𝛽



Spherical linear interpolation interpolation

• For 𝑡 ∈ 0, 1

• |𝑣0| = |𝑣1|

• 𝜃 = 𝛼 + 𝛽

• 𝑡 =
1

2
⇒ 𝛼 = 𝛽

• 𝛼 = 𝛽 ⇒ 𝛼 =
1

2
∧ 𝛽 =

1

2

• 𝑣𝑡 =
sin

𝜃

2

sin 𝜃
𝑣0 +

sin
𝜃

2

sin 𝜃
𝑣1

𝑥

𝑦

𝑣0

𝑣𝑡

𝛼
𝛽

𝑣𝑡


