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Part 7: Surfaces  



Surface  

}2D set of points, embedded in space E3 

}f: R2 Ÿ E3 

}Parametric surfaces 

}Set of all points X  E3 such that X = f(u,v),                              

u  <u0,u1>, v  <v0,v1> 

}Plane: f(u,v)= S + uD1 + vD2 

}Sphere: f(u,v)=(r.cos(u).cos(v), r.cos(u).sin(v), r.sin(v)),                

u  <0,2́ >, v  <0, >́ 

}Implicit surfaces 

}Set of all points X  E3 such that f(X)=0 

}Plane: ax+by+cz+d = 0 

}Sphere: (x-sx)
2 +(y-sy)

2 + (z-sz)
2 ðr2 = 0 
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Parametric surface  
}Two parameters in surface function 

}Similar properties, algorithms like in curve case ð putting 

one parameter constant leads to isocurve 

}Visualization 

}Sampling domain using 2D grid points 

}Computing surface points using sampled points and f 

}Connecting surface points based on domain grid connections  

and forming triangle or quad mesh 

}Uniform sampling 

}Adaptive sampling 

}Raytracing 
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Polynomial surface  

}f is polynomial function in both parameters 

}Monomial basis 

}Ὢόȟὺ В В ὠόὺ 

}Bezier surface 

}Ὢόȟὺ В В ὠὄ όὄ ὺ 

}Square domain: όᶰ πȟρ ȟὺɴ πȟρ  

}Bernstein basis: ὄ ό
ὲ
Ὥ
ρ ό ό  

}Tensor product surface 

}Approximation surface 

} Interpolating ὠ ȟὠ ȟὠ ȟὠ  

}Boundary curves are Bezier curves 

}Algorithms adopted from curve case 
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Polynomial surface  

}Bezier triangle 

}Ὢόȟὺ В ὠ ὄ όȟὺȟρ ό ὺȟ ȟ  

}Triangle domain:  όᶰ πȟρ ȟὺɴ πȟρ ȟό ὺ ρ 

}Generalized Bernstein basis:  ὄ όȟὺȟύ
Ȧ

ȦȦȦ
όὺύ  

}όȟὺȟύ ð barycentric coordinates in domain 

}Approximation surface of order ὲ 

} Interpolating ὠ ȟὠ ȟὠ  

}Special adaptation of curve algorithms 
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Polynomial surface  

}Hermite bicubic surface 

}Ὢόȟὺ ὟὌὖὌὠ  

}Ὗ ό ό ό ρȟ6 ὺ ὺ ὺ ρ 

}Ὄ

ς ς ρ ρ
σ σ ς ρ
π π ρ π
ρ π π π

 

}ὖ

ὖ ὖ ὖ ὖ

ὖ ὖ ὖ ὖ

ὖ ὖ ὖ ὖ

ὖ ὖ ὖ ὖ

 

}ὖ ȟὖ ȟὖ ȟὖ - interpolated corner points 

}ὖ ȟὖ - tangent vectors in corner points 

}ὖ - second order derivatives, twists, in corner points 

} Square domain: όᶰ πȟρ ȟὺᶰ πȟρ  
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Polynomial surface  

}Coons surface (patch) 

}Given four boundary parametric curves 

Ðόȟπȟὴόȟρȟὴπȟὺȟὴρȟὺ meeting at four corners  

}Ὢόȟὺ ὴόȟπ ρ ὺ ὴόȟρύ ὴπȟὺ ρ ό
ὴρȟὺό ὴπȟπ ρ ό ρ ὺ ὴπȟρ ρ όὺ
ὴρȟπόρ ὺ ὴρȟρόὺ 

}Square domain: όᶰ πȟρ ȟὺɴ πȟρ  
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Spline surface  

}Piecewise polynomial in both parametric directions  

}Segments are polynomial surfaces with small order 

}Expecting order of continuity in both directions 
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Bezier spline surface  
}Each segment is represented as Bezier surface 

}Usually linear, quadratic or cubic segments 

}Continuity guaranteed by constraints on control points 

near boundary 
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Hermite  bicubic  spline surface  
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}Given 2D grid of vertex points ὠȠὭ πȟρȟȣȟὲȠὮ πȟρȟȣȟά, 
grid of tangent vectors for vertex points in both directions 
ὠ ȟὠ ȠὭ πȟρȟȣȟὲȠὮ πȟρȟȣȟά, grid of twist vectors for 
each vertex point ὠ ȠὭ πȟρȟȣȟὲȠὮ πȟρȟȣȟά two 
vectors of knot parameters ό ό Ễ όȟὺ ὺ Ễ
ὺ  

} Interpolation surface, interpolating each given vertex ὠ  and 
maintaining tangent vectors and twists at ὠ   

} Interpolation of tangents and twists - C1 continuity 

}Each segment is represented in Hermite cubic surface form 
} For όᶰ όȟό ȟὺᶰ ὺȟὺ , pick span Ὧὰ such that όᶰ
όȟό ȟὺᶰ ὺȟὺ  

}ό ȟὺӶ  

} Compute point on Hermite bicubic spline surface using Hermite 
bicubic surface for corners ὠȟὠ ȟὠ ȟὠ  and parameters 
όȟὺӶ 



Hermite  cubic spline surface  
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}Automatic computation of tangent vectors, knots from 

given points and knot parameters 

}Automatic computation of knot vectors 

}Using approaches from curve Hermite cubic spline case for 

each parameter separately 

}Twists ð zero vectors ð Ferguson surface 



Curved PN triangles  
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}https://www.cise.ufl.edu/research/SurfLab/papers/00ati.pdf 

}Given triangular mesh with vertex normals 

}Creating surface interpolating vertices of mesh and having 
given normals in that vertices 

}Piecewise polynomial mesh, creating one Bezier triangle for 
each triangle of mesh 

}Interpolating geometry ð cubic Bezier triangle 

}Interpolating normals ð quadratic Bezier triangle 

}Implemented in hardware 

https://www.cise.ufl.edu/research/SurfLab/papers/00ati.pdf
https://www.cise.ufl.edu/research/SurfLab/papers/00ati.pdf


Curved PN triangles  
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}ὦ ὖȟὦ ὖȟὦ ὖ 

}ύ ὖ ὖȢὔ 

}ὦ ὖ ὖ ὔ  

}ὦ ὖ ὖ ὔ  

}ὦ ὖ ὖ ὔ  

}ὦ ὖ ὖ ὔ  

}ὦ ὖ ὖ ὔ  

}ὦ ὖ ὖ ὔ  

}ὠ ὖ ὖ ὖ 

}Ὁ ὦ ὦ ὦ ὦ ὦ ὦ  

}ὦ Ὁ V 

 



B-spline surface  
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}Compact representation of approximating spline surfaces 

}Tensor product surface 

}Input 

}Polynomial degrees ὨȟὨ 

} 2D grid of control pointsὠȠὭ πȟȣȟὲȠὮ πȟȣȟὲ 

} 2 vectors of knot parameters όȟόȟȣȟό ȟὺȟὺȟȣȟὺ   

}ά ὲ Ὠ ρȟά ὲ Ὠ ρ 

}ὄὛὛ όȟὺ В В ὠὔ όὔ ὺ 

}Rectangle domain: όᶰ ό ȟό ȟὺɴ ὺ ȟὺ  

}Using B-spline basis function same as in curve case 

}Similar properties and algorithms as in curve case, treating 
each parameter separately 

 

 



B-spline surface  
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Surface subdivision algorithms  
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}Producing extended set of control points without change 
in shape of original surface 

}Knot insertion, Boehm algorithm, degree elevation 

}Doo-Sabin subdivision 

}Corner and edge cutting algorithm 

}Uniform knot insertion into biquadratic B-spline surface 

}Originally for regular 2D grid of control points extended for 
arbitrary meshes, producing polygons of arbitrary size 

}Catmull-Clark subdivision 

}Uniform knot insertion into bicubic B-spline surface 

}Originally for regular 2D grid of control points extended for 
arbitrary meshes, producing only quads 

 



Surface subdivision algorithms  
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NURBS surface  
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}Non-Uniform Rational B-spline surface 

}Defining weights (real numbers) ύ  for each control point 

}Embedding B-spline surface into space with additional 
dimension ð into projective, homogenous space 

}ὠ ὼȟώȟᾀ ᴼὖὠ ύ ὼȟύ ώȟύ ᾀȟύ  

}Evaluation, algorithms in projective space 

}Projection of result point back to affine space 

}ὖὢ ὼȟώȟᾀȟύ ᴼὢ ȟȟ  

}ὙὄὛὛ όȟὺ
В В

В В
 

 
 



NURBS ruled surface  
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}For each point there is line (segment) passing through that 
point and lying on surface 

}Connecting two NURBS curves using line segments 

}Compacting both curves to have same degree and same 
knot vector ð linear transformation of parameter, knot 
insertion, degree elevation 

}Putting control points of curves into 2D 

}Ὠ ρ 
}Knot vector for ὺ direction - πȟπȟρȟρ 



NURBS surface of revolution  
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}Rotating NURBS curve around line (coordinate axis) 

}ό-direction ð given NURBS curve 

}ὺ-direction ð parameters of circular arc as NURBS curve 

}Control points ð rotated control points of given NURBS 
curve around given line forming control points for circular 
arc as NURBS curve 



Implicit surface  
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}Set of all points ὢ ɴ ╔ such that Ὢὢ π 
}Sphere: x2+y2+z2-r2=0 

}Easy computation if some point is on surface 

}Defining interior, exterior, border regions by sign of Ὢ 

}Hard to generate points on surface 

}"Metaballs", "Blobbies", "Soft objectsò 

}Smooth 




