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Abstract 

This thesis introduces a new integrated formalization of the conceptual spaces framework 

proposed by Gärdenfors. We extend the notion of conceptual space generated by a set of 

prototypes by adding a weight vector to each prototype. This will allow us to represent 

non-uniformly scaled concepts and, as a special case, partial concepts. We also present a 

novel Weighted Prototypes-Based Categorization Algorithm (WPCA), which is designed 

to serve as a basis of cognitive apparatus of agents that engage in language games. 
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1 Introduction 

1.1 Evolutionary Approach to Linguistics 

There are many good reasons for studying properties and mechanisms of human natural 

languages. In the context of computer science, understanding them would provide us with 

an excellent man-machine communication interface. It should not be forgotten that natu-

ral language is still the one and only symbolic medium that enables us to manipulate in-

formation of arbitrary content. 

Research in linguistics in the 20th century mostly concentrated on the description 

of syntactic and phonological structures of a language. Moreover, linguists like de Saus-

sure viewed the language as a synchronic phenomenon, deliberately ignoring its historical 

evolution. 

When we look at the domain of computational linguistics, we find out that today's 

natural language processing systems are almost completely crippled of the acquisition 

module. The learning process in these systems involves employment of a specially 

trained person who actually feeds in all the carefully prepared data [9]. 

Classical linguistics as well as computational linguistics misses the crucial fact 

that language is a complex adaptive system [15], [20]. Because language is constructed 

and reconstructed repeatedly by its users, thinking in the terms of idealized speaker or 

"the" grammar unavoidably leads to a blind alley [17]. To get over this problem, we adopt 

the hypothesis that language changes and evolves over time, mostly under the pressure of 
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linguistic interactions. A survey of this theory and two opponent ones (i.e., genetic evolu-

tion and genetic assimilation) can be found in [15]. 

1.2 Language Games 

1.2.1 The Tenets of Language Games 

Modeling inter-individual interactions can be effectively realized by simulated multi-

agent systems, which are commonly used in field known as artificial life. Any entity that 

perceives its environment through sensors and acts upon that environment through actua-

tors is called agent. Every agent has a specific internal state, which, together with the sen-

sory input, determines its behavior. Implicit global properties of the whole population 

emerge spontaneously as a consequence of explicit purely locally defined interactions. 

This contrasts with the top-down approach of classical artificial intelligence, where even 

the global behavior is well prepared and programmed beforehand. 

According to the game theory terminology, generic interaction between an agent 

and the environment (e.g., another agent) is called a game. Linguistic interactions are 

identified as language games, in line with Wittgenstein. These games are adaptive be-

cause they result in a revision of mental states of the participants so that they become 

more successful in the future games. From a different perspective, the agents act ration-

ally since they try to be as successful as possible. What counts as success obviously de-

pends on what are the agents required to do or what are their motivations. 

One might ask how something like common language could appear in a commu-

nity of individuals who do have neither a total view of the linguistic knowledge of the 

group nor a complete control over it. In fact, coherence in the population is achieved by a 

process of self-organization based on a positive feedback loop between a successful use 

of a certain convention and its further application in the future. If a convention is used 

successfully, the chance that it will be used in the same or a similar situation again in-

creases. Conversely, the more a convention is used, the higher will be its success ratio 

[13], [15]. 
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Performed experiments point out an interesting phenomenon—conceptual, phono-

logical, lexicological, and grammatical layers of the investigated models co-evolve. For 

example, when an agent develops a very useful new concept (mental entity), pressure is 

on to lexicalize it. Similarly, a concept associated with acoustically individual speech has 

a natural advantage over concepts, which are difficult to distinguish after externalization. 

Plausible models of language dynamics need to respect some important general 

criteria. A multi-agent system should be: 

• distributed: no agent has a complete view of the behavior of the other agents; no 

agent can directly control the behavior of all his companions; all interactions are 

strictly local. 

• open: there should be an influx and outflow of all components of the system; this 

includes, but is not limited to, agents, referents of meaning (e.g., objects), and 

concepts. 

In addition, agents ought to be: 

• limitedly rational: agents do not have direct access to mental states of each other; 

the only way information can be exchanged is by interaction. 

• situated: every agent is located in a concrete environment. 

• embodied: body of an agent allows, disallows, or requires it to perform certain ac-

tions; agents should be physically realized whenever possible. 

• imperfect: competences of agents, such as perception, memory, or utterance pro-

duction, do not work ideally all over the time; stochasticity can damage every 

piece of information or make an operation faulty. 

Because all of these constraints are present in real environment, the more of them 

we build into a model, the more authentic will be the simulation results. On the other 

hand, doing so will most likely add to the number of dependencies in the system and 

make description, predictability, and interpretation of its behavior more complicated. 
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1.2.2 The Results of Selected Experiments with Language Games 

One has to appreciate that a full-fledged evolutionary linguistic model would involve per-

ception, conceptualization, lexicon look-up, grammatical parser and generator, speech 

recognition and synthesis, intention evaluation, and, of course, action. Hence, today's ex-

periments with language games focus on certain subparts of the whole problem. For in-

stance, when simulating the emergence of a shared lexicon, one game could look like this 

[5]: 

1. Two agents, a speaker and a hearer, are randomly selected from the population. 

2. The speaker chooses an arbitrary object from the shared context as the topic of the 

interaction. 

3. It retrieves the most preferred of the words associated with the topic and commu-

nicates it to the hearer. 

4. The hearer maps the word used by the speaker onto the most preferred object ac-

cording to his own lexicon. 

5. If the object decoded by the hearer and the topic are the same, the game is suc-

cessful. If it is not the case or if the process failed earlier, the game is unsuccess-

ful. 

In the end of each game, both agents adaptively modify their lexicons. If the game 

is successful, they reinforce the used association. If the speaker does not have a word to 

encode the topic, it can create a new word and associate it with the topic. If the hearer 

does not know the word used by the speaker, or it does not associate it with the topic, it 

can acquire the new topic-word relation. 

Although iterating this procedure leads to a common vocabulary, it is easy to no-

tice that the limited rationality constraint is broken. When finding out the result of a 

game, agents telepathically inspect each other's "thoughts." The same happens if the 

hearer associates a new word with the topic. This problem can be solved by adding some 

nonverbal form of communication, e.g., grasping, pointing, or gazing. As we can see, no 

qualitative change would arise in this particular case, but in a more general model in 
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which words do not have to identify objects directly, such ways of communication are 

quite ambiguous. 

Certain important macroscopic characteristics of the population are monitored 

during the simulation process. In the case of lexicon formation, these can include [2]: 

• mean success, 

• coherence (i.e., the ratio of agents that use the same word for the same object), 

• specificity (a measure that increases with relative frequency of agents using dif-

ferent words for diverse objects). 

It has been shown that after sufficient number of games, these quantities nearly 

reach ideal values and do not drop later. It means that all of the agents speak the same 

language and that there is no synonymy or homonymy in this language. The lexicon is 

only insignificantly affected by any consecutive games. 

Kaplan investigated the effect of system openness upon the global lexicon [5]. In 

his study, a new agent with an empty lexicon enters the system from time to time and re-

places a randomly chosen agent. If this happens with a reasonable frequency, the new 

agents become a source of innovation; they can discover new, formerly ignored associa-

tions. Since they uniformly interact with all other agents in the population, after some 

time, their lexicons will capture global trends and suppress marginal tendencies in the 

system. However, if the fluctuations are without limits, the lexicon has no chance to sta-

bilize. Consequently, communicative success, coherence, and specificity suffer. 

Kaplan's experiment is even more appealing because if an agent does not have a 

word for a particular object, it is allowed to use an existing word associated with a re-

sembling object. Thus, the words become names of whole classes of similar objects in-

stead of labeling only single objects and the lexicon develops into an implicitly repre-

sented taxonomic hierarchy. 

In experiments performed by Steels and McIntyre, agents were situated in a two-

dimensional space [26]. The probability with which two agents interact is based on their 

respective distance: agents close to each other have a higher chance to communicate than 

agents apart have. Spatial distribution of the agents is generated randomly, but inclines to 

clustering. Simulations show that although the success in communication advances as 
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before, inspection of the lexicons of different agents reveals the fact that agents actually 

develop two languages. They use the first one preferentially within their cluster; the sec-

ond language, although weaker, is shared among distinct clusters. 

At this point, we recall non-situated agents again. We have mentioned that a stable 

global lexicon emerges in the system after some time and this lexicon is partially resistant 

to alterations of the population. The situation changes if we incorporate stochasticity in 

the model. Steels and Kaplan added noise to both the linguistic and nonlinguistic form of 

communication, as well as to retrieval of information from associative memory, and 

found out that there are upper bounds on the amount of stochasticity admissible in the 

initial phase of lexicon formation [21]. If these bounds are exceeded, no self-organization 

takes place. However, once a language established, malfunction of one component is par-

tially counterbalanced by the other components and by context. Stochasticity introduces 

and maintains variations in the language—associations strengthen and weaken, new 

words appear—but communicative success along with coherence remains high. 

Later on, Steels and Kaplan modeled agents able to utilize partially damaged in-

formation [22]. An agent in the role of hearer takes into account that the perceived word 

and the word actually used by the speaker might not be identical; they could be only simi-

lar. The same holds for uncertainty of extra-linguistic hints. Consequently, the global 

lexicon will never be completely coherent, but the communication is more resistant to 

noise and inaccuracies. Interestingly enough, periods of stabilized lexicon were observed, 

followed by phases of strong reorganization. Such behavior is known to be characteristic 

of natural languages. 

The Talking Heads experiment headed by Steels was a much more large-scaled 

project [17], [23], [24], [25]. The experimental setup consisted of two steerable cameras 

connected to computer equipment and oriented towards a whiteboard on which simple, 

colored geometrical figures, like triangles, circles, and rectangles, were pasted. Each of 

the two agents that take part in a language game "embodies" in one of the cameras. The 

speaker then tries to describe the selected object in such a way that it is clearly separated 

from the other objects. Hearer's task is to find out which of the shapes has been chosen as 

the topic of the interaction. To make the agents even more situated, similar environments 

were assembled in several different sites in the world. The agents were able to travel from 
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one location to another place through internet, but only those sharing the same physical 

environment were allowed to communicate. Authors even set up a public web page that 

let anyone create his or her own agents, supply them with initial lexicons, place them into 

the system, and monitor their statistics. 

During the experiment, several thousands of words and hundreds of concepts 

emerged. The core vocabulary consisted of about one hundred words, including eight es-

sential words expressing basic colors (red, green, blue, bright) and locations (left, right, 

up, down). 

Up to now, we have dealt with experiments focused on lexicon, but this is not the 

only subject, to which this methodology can be applied. Phonetics and phonology are re-

search domains of de Boer who investigates, for example, the emergence of realistic 

vowel systems [1]. In the model described by Steels and Oudeyer, agents not only de-

velop a common repertoire of individual phonemes, but they also agree on shared sylla-

bles [27]. Authors emphasize the overall importance of mimicking the constraints of ar-

ticulatory apparatus and memory. 

The emergence of grammar is still an open issue although some pilot experiments 

already appeared. Steels models grammar, seen as "structural regularities in the lan-

guage," using frames. Slots of these structures, which can also contain other frames, have 

to meet certain syntactic as well as semantic restrictions. Unsurprisingly, constraint 

propagation and satisfaction methods are used to maintain validity of the frame hierarchy. 

The hierarchy itself can represent either syntactic [16] or semantic knowledge [19]. It is 

remarkable that these experiments were performed on visually grounded autonomous ro-

botic agents. 

1.3 The Concept of Concepts 

If one is concerned with communication, the notion of semantic, i.e., the relation between 

the words of a language and their meanings, becomes prominent. Two fundamentally dif-

ferent approaches to explicating the meaning of a word or an expression exist. According 

to the realist semantics, the meanings of terms are somewhere out there in the world. On 
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the other hand, cognitivist theory claims that meanings are mental entities in the head. It 

has been shown that the realist way is severely flawed because it is quite common for the 

meaning of a concept to change over time and between contexts. Furthermore, not all 

mentally constructed objects must have a direct correspondence in the world [4]. 

However, opting for the cognitive semantics brings about another question: how 

should we represent concepts? Connectionism and the symbolic paradigm, the two 

mostly used approaches nowadays, have a number of serious disadvantages from the 

viewpoint of multi-agent simulations of language phenomena. Whereas the information, 

which is stored in the hidden layers of artificial neuron networks, is difficult to interpret, 

we are interested in explicitly represented concepts and the process of their formation. 

Furthermore, these networks learn very slowly in comparison to the rapid acquisition ob-

served on human subjects who are able to learn a new concept even from a single exem-

plar. The negative aspect of symbolic representation is the unclear origin of new symbols 

and the relation of these symbols to the physical world (the symbol grounding problem). 

Steels and his colleagues mostly use binary discrimination trees to represent con-

cepts [14]. Each sensory channel of an agent is associated with a particular discrimination 

tree. The tree partitions the continuous sensory output range into a finite set of disjoint 

subintervals (Figure 1). If an inner node of this tree corresponds to interval , its left 

offspring and right offspring correspond to 

[ )ba,

( )[ )2, baa + ( )[ )bba ,2+ and , respectively. 

The root always corresponds to [ )1,0 . A concept can be defined as a partial function that 

takes a sensor identifier as argument and returns a node of the discrimination tree associ-

[ )1,0

[ )5.0,0 [ )1,5.0

[ )25.0,0 [ )5.0,25.0 [ )75.0,5.0 [ )1,75.0

[ [)625.0,5.0 )75.0,625.0

Figure 1: Binary discrimination tree. 
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ated with the sensor. Note that this can be a leaf node as well as an inner node. 

Agents are assumed to have the same sensors, but they neither have to be 

equipped with the same set of discrimination trees nor are the trees given in advance. In-

stead, they are adaptively revised according to specific objects, which an individual agent 

encounters. As a result, the agents develop capacity to represent concepts with precision 

that adequately reflects the characteristics of the environment. 

The major drawback of binary discrimination trees is that they have no known 

counterpart in human cognition. We present a more plausible model in the following 

chapter. 
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2 Conceptual Spaces 

2.1 Metric Conceptual Spaces 

As we argued in section 1.3, computationalism and connectionism are not the most ap-

propriate paradigms if we demand explicitly represented concepts and our primary inter-

est lies in their formation and their relation to the outer world. The theory of conceptual 

spaces proposed by Gärdenfors is one of few representational frameworks that meet all 

these requirements [4]. In this chapter, we will build the notion of conceptual space—on 

various levels of abstraction and with different representational strengths. Note that the 

presented attempt to formalize conceptual spaces is original. 

We start with some general definitions. 

Definition 1. A set P  is a partition of a set X  if and only if the following conditions 

hold for all : PBA ∈,

∅≠A , 

XC
PC

=
∈U , 

∅=∩⇒≠ BABA . 

The elements of P  are called the blocks of the partition. 

Definition 2. Let  be a set. We call the elements of ∅≠X X  percepts or (possible) ob-

jects and the nonempty subsets of X  concepts. We say that a percept x  and a concept c  

match just if cx∈ . A conceptual space over X  is a finite partition of X . 
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It is an inherent property of human cognition that certain members within a class 

of objects are considered more representative of the category than others. For example, 

sparrows and blackbirds are judged more typical birds than are penguins and emus. The 

most representative members of categories are called prototypes, in conformity with the 

prototype theory of categorization developed by Rosch and her collaborators [11]. To de-

termine the degree of representativeness, we need to be able to measure the distance be-

tween any two possible objects. Since it is a common assumption that similarity is an ex-

ponentially decaying function of distance, we can state that greater distance indicates 

greater dissimilarity [4]. 

Definition 3. A metric on a set X  is any function RXXd →×: , which satisfies the 

following conditions for all Xzyx ∈,, : 

( ) 0, ≥yxd  (non-negativity), 

( ) yxyxd =⇔= 0,  (identity of indiscernible), 

( ) ( )xydyxd ,, =  (symmetry), 

( ) ( ) ( )zxdzydyxd ,,, ≥+  (triangle inequality). 

Definition 4. A metric space is a pair ( )dX , , where X  is a set and d  is a metric on 

X . 

Definition 5. Let ( )dX ,  be a metric space, let { } XpP m
ii ⊆= =1  be a set of prototypes 

for some , and let  be a function. The conceptual space over ( )  

generated by 

+∈ Zm Ps P →2: dX ,

P  and by  is the set s { }m
iicC 1== , where 

( ) ( ){ }( ){ }k
m
kjjii pxdpxdpspXxc ,min,:: 1===∈= . 

The function  is called the selection function. We say that s Xx∈  and  match exactly 

when 

ip

x  and  match. ic

Remark 1. The domain of the selection function in Definition 5 can be safely re-

stricted to 

( ) ( ){ }{ }k
m
kjj pxdpxdpPXxPP ,min,::: 1===′∈∃⊆′ , 
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)

where the free variables have the same denotation as in the definition. 

Lemma 1. Let  be a metric space, let  be a set of prototypes such that ( dX , XP ⊆

+∈ ZP , and let  be a function. Then the conceptual space over (  gen-

erated by 

Ps P →2: )dX ,

P  and by  is a conceptual space over s X . 

So far, we have concentrated on percepts, concepts, and conceptual spaces with 

no internal structure. From now, we will presume that possible objects are feature vectors 

whose components are real numbers. 

Remark 2. The set { +∞∞−∪= ,RR } is called the set of (affinely) extended real num-

bers. Interval notation, order relations, and arithmetic operations on R  are extended in-

tuitively, e.g., [ ]+∞∞−= ,R , +∞<x  for all Rx∈ , ∞=∞+x  if −∞≠x . As a conven-

tion, we accept ( ) 000 =⋅±∞=∞±⋅ . 

Definition 6. The Minkowski metric  is defined for all  and all ndλ
+∈ Zn [ ∞∈ ,1 ]λ  as 

( ) l n

i

l
iil

n yxd ∑ =→
−=

1
lim,

λλ yx , 

where  and . For special values of the parameter ( ) nn
ii Rx ∈= =1x ( ) nn

ii Ry ∈= =1y λ , this 

simplifies to: 

( ) ∑ =
−=

n

i ii
n yxd

11 ,yx  (the Manhattan metric), 

( ) ( )∑ =
−=

n

i ii
n yxd

1
2

2 ,yx  (the Euclidean metric), 

( ) ii
n
i

n yxd −= =∞ 1max,yx  (the Chebyshev metric). 

Lemma 2. ( )nn dR λ,  is a metric space for all  and all +∈ Zn [ ]∞∈ ,1λ . 

Corollary 1. Suppose that , where , is a set of prototypes such that nRP ⊆ +∈ Zn
+∈ ZP  and that  is a function. Then the conceptual space over Ps P →2: ( )nn dR λ,  

generated by P  and by  is a conceptual space over s nR  for all [ ]∞∈ ,1λ . 
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A conceptual space over a metric space generated by a set of prototypes is also 

known as the Voronoi tessellation (Figure 2). If the tessellation is based on the Euclidean 

A conceptual space over a metric space generated by a set of prototypes is also 

known as the Voronoi tessellation (Figure 2). If the tessellation is based on the Euclidean 

Figure 2: Voronoi tessellation based on the Manhattan metric (top), the Euclidean metric (mid-

dle), and the Chebyshev metric (bottom). 



2 Conceptual Spaces  19 

metric, the concepts are guaranteed to be convex, i.e., the line segment joining any pair of 

objects that match a concept lies entirely in the concept [8]. Neither the Manhattan metric 

nor the Chebyshev metric assures convexity of the Voronoi regions. However, the con-

cepts produced by these metrics are always star-convex with respect to the prototypes, 

i.e., a line segment from a prototype to any object matching the prototype is contained in 

this concept. 

We now define a useful generalization of the Minkowski metric. 

Definition 7. The (multiplicatively) weighted Minkowski metric ( )wndλ  is defined for all 

, all +∈ Zn [ ∞∈ ,1 ]λ , and all weight vectors ( )n∞∈ ,0w  as 

( )( ) ( )α α

λαλ ∑ =→
−=

n

i iii
n wyxd

1
lim, yxw , 

where ,  and ( )n
iiw 1==w ( ) nn

ii Rx ∈= =1x ( ) nn
ii Ry ∈= =1y . 

Lemma 3. ( )( )wnn dR λ,  is a metric space for all , all +∈ Zn [ ∞∈ ,1 ]λ , and all 

. ( )n∞∈ ,0w

Corollary 2. Suppose that , where , is a set of prototypes such that nRP ⊆ +∈ Zn
+∈ ZP  and that  is a function. Then the conceptual space over Ps P →2: ( )( )wnn dR λ,  

generated by P  and by  is a conceptual space over s nR  for all [ ∞∈ ,1 ]λ  and all 

. ( )n∞∈ ,0w

The role of the weight vector in the generalized Minkowski metric can be viewed 

from two different perspectives. First, the non-weighted version of the metric assumes 

that all features have identical scales. If this is not the case, the distance (dissimilarity) 

reported by the metric will be inappropriate. The solution is to appropriately stretch or 

compress the relevant dimensions by using weights, which are greater than one or less 

than one, respectively. For example, we could apply the weight vector 

, where  is the set of all possible values of the th feature. Us-

ing the weight vector ( ) , where 

( )n
iii XX 1infsup =− RX i ⊆ i

n
ii 1=σ iσ  is the standard deviation of the probability distri-

bution of the th feature, is not only viable even if  is unbounded for some , but it i iX i
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also to large extent substitutes standardization of the feature variables utilized, e.g., in 

[10]. 

From a cognitive point of view, the weights allow to adjust the level of attention 

given to individual dimensions [4]. Changes of context, which generally result in altered 

"salience" of dimensions, throw light upon subjects' judgments being reported to violate 

metric properties. For example, it has been demonstrated that Tel Aviv is judged more 

similar to New York than New York is similar to Tel Aviv [30]. This can be explained by 

an unaware change of context from geographical to political and vice versa, which causes 

the weight vector to change, too. 

2.2 Conceptual Spaces with Weighted Prototypes 

When we read Definition 5 with a keen eye, we realize that the assumption that  is a 

metric is unnecessarily restrictive. We do not need to know the distance between arbitrary 

two objects, because according to the definition, one of these objects is always a proto-

type. This fact helps us to define a novel, generalized form of a conceptual space over 

d

( )( )wnn dR λ,  generated by a set of prototypes. 

Remark 3. By symbol ( )wndλ , we denote the (affine) extension of the (multiplica-

tively) weighted Minkowski metric if , +∈ Zn [ ]∞∈ ,1λ , and [ ]n∞∈ ,0w . Note that if 

, ( )n∞∉ ,0w ( )wndλ  itself is not a metric. 

Definition 8. Let ( ){ } [ ]nnm
i RPW ∞×⊆= = ,0, 1ii wp  be a set of (multiplicatively) 

weighted prototypes for some  and let  be a function. The con-

ceptual space over 

+∈ Znm, PWs PW →2:

( )nn dR λ,  generated by  and by  is the set , where PW s { }m
iicC 1==

( ) ( ) ( )( ) ( )( ){ }( ){ }kkjjjjii pxwpxwwpwpx ,min,:,,: 1
nm

k
nn

i ddsRc λλ ===∈=  

for all [ ]∞∈ ,1λ . 
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[ ]nnRPW ∞×⊆ ,0Lemma 4. Let  be a set of (multiplicatively) weighted prototypes 

such that 

Lemma 4. Let  be a set of (multiplicatively) weighted prototypes 

such that 

[ ]nnRPW ∞×⊆ ,0

+∈ ZnP ,  and let  be a function. Then the conceptual space 

over 

PWs PW →2:

( )nn dR λ,  generated by  and by  is a conceptual space over PW s nR  for all 

[ ]∞∈ ,1λ . 

When we conceive concepts as Voronoi regions, which start to grow from proto-

types at the same time, by introducing the weights of prototypes, we allow the regions to 

have different growth rates. Furthermore, the growing process can be non-uniform, i.e., a 

region can be expanded with dissimilar speed along each dimension. The topology of 

conceptual spaces generated by weighted prototypes can be quite rich: the concepts can 

Figure 3: Conceptual spaces generated by sets of weighted prototypes can contain hierarchical 

concepts (top) and disconnected concepts (bottom). 
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form (implicit) hierarchies and even do not have to be connected (Figure 3). Note that 

Definition 8 allows the weights to be infinite, which can be used to represent partial con-

cepts. For example, concepts of adjectives can be modeled by prototypes whose weight 

vectors contain only one finite component. In addition, zero weights make the corre-

sponding features mandatory. As a special case, prototypes with all their weights being 

zero can stand for percepts, i.e., degenerated concepts. 
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3 Categorization Based on Weighted 

Prototypes 

3.1 The Categorization Algorithm 

In this chapter, we propose a novel categorization algorithm, which takes advantage of 

the representational strength of conceptual spaces with weighted prototypes—the 

Weighted Prototypes-Based Categorization Algorithm (WPCA). It is designed to serve as 

a basis of cognitive apparatus of agents that engage in language games. As a part of a 

game, agents perceive a scene consisting of a number of objects, which are guaranteed to 

be taken from (pairwise) distinct categories. One of the objects is considered focal, the 

remaining objects create context. The agents' task is to conceptualize the focus uniquely, 

i.e., in such a way that the prototype matching the focus does not match an object from 

the context. 

The key idea of the algorithm is to keep the mean examples of categories as pro-

totypes' positions and the mean absolute deviations from the prototypical members as 

weights. The WPCA also maintains two supplemental measures with each prototype. The 

first one is the prototype's importance, which increases whenever the prototype and the 

focal percept match. The second quantity, which is the success of the prototype, is deter-

mined by the number of unambiguous matches of focus. Formally, a conceptual space is 

represented by a multiset 

( ){ } [ ] [ ] [ ]1,01,0,0,,, 1 ××∞×⊆= =
nnm

iii RimpsucQ ii wp . 
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[ ]1,0,,,,, ∈impimpsucsucwp minmin λλλλLet ; typically, these parameters are close to 

zero. The WPCA works as follows: 

1. . ∅=:Q

2. Generate the next context  and the focus n nRY ⊆ R∈x . 

({ )( ) }1,1,0,: 1iQ == x n . 3. If , then ∅=Q

( ) Qimpsuc ∈= ,,,: wp { }q\: QQq  match. = . If any Y4. Suppose that  and x ∈y  

and q  match, then 0:=success ; otherwise, 1:=success . 

( )5. xpp pp λλ +−=′ 1: , ( ) ( )pxww −+−=′ absww λλ1: , ( ) impimp imppim ′ = λ +⋅− λ1:

( ) successsuccsu

. 

6. sucsuc ⋅+⋅−=′ λλ1: . mincsu ≥ If suc′ , then ∅=′Q 1:, else ′ =csu , 

2: imppim =′ ( ){ }pimcsu, Q ′ ′ ′′=′ ,,,wp . 

7. . For each ( )∅=′′ :Q Q ( ) Qminpimcsu ∈′′′′′′′′ ,,,wp pim impimp ≥⋅− λ1 such that ′′ , 

do ({ ( ) )}pimcsuQQ imp′′′′∪′′=′′ ′′ ′′ ′′λ ⋅−1,,,: wp QQ. =:

( ){ }

. 

8. csupimQQQ ′ ′′′∪′∪= ,,,: wp . 

9. Repeat from step 2. 

Some steps of the algorithm need further explanation. In the 3rd step, a first proto-

type is created. By using the percept to construct the prototype, we can speed up the proc-

ess under most circumstances. In step 4, we find the prototype that matches the focus. 

Step 5 is the heart of the WPCA: we shift the prototype towards the focal object, and up-

date the weights so that they became closer to the absolute deviation of the perceived fea-

tures from the current prototype position. In step 6, if the success measure of the proto-

type is below a given limit, the prototype is split, i.e., its success is reset to one, its impor-

tance is set to half of the value before the division, and a copy of the prototype is created. 

The loop in step 7 removes all prototypes, which are used infrequently. Note that the ad-

missible lower bound of prototypes' importance depends on the current prototype count. 

The presented categorization algorithm is derived from the Distributed Clustering 

Algorithm (DCA) [6]. Both of these algorithms are intended to work incrementally, to 

determine the number of needed categories automatically, and to make only necessary 

assumptions about the distribution of the data. However, there are some major differ-
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ences. In the DCA, which is an unsupervised clustering technique, there is no context or 

focus, only a sequence of unlabeled examples. On the other hand, the WPCA exploits 

(and requires) that the category from which the focal object is taken never has a represen-

tant in the context at the same time. Furthermore, the DCA uses a roundness condition 

when checking whether a prototype should be split. If the corresponding class of objects 

is not considered round enough, it will be "covered" by several prototypes. This contrasts 

with categorization based on weighted prototypes, which allows even non-uniformly 

scaled concepts to be represented by a single prototype. 

3.2 The WPCA in Action 

In this section, we demonstrate the behavior of the WPCA by confronting it with several 

tasks of different complexity. The objective here is to categorize a number of mono-

chrome (black-and-white) raster images that capture various geometrical shapes. Each 

image is converted into a vector whose components can be any of the following twenty 

numerical features: 

• area, 

• perimeter, 

• (total) hole area, 

• (total) hole perimeter, 

• compactness ( 2perimeterarea ), 

• (total) hole compactness ( 2perimeterholeareahole  if , oth-

erwise zero), 

0≠perimeterhole

• solidity ( ( )areaholeareaarea + ), 

• minimum radius (radial values are determined by measuring the distance from 

each perimeter point to the shape's centroid), 

• maximum radius, 

• range of radius ( radiusminradiusmax − ), 

• mean radius, 
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• standard deviation of radius, • standard deviation of radius, 

• diameter (the maximum distance between two perimeter points), • diameter (the maximum distance between two perimeter points), 

• relative minimum radius (• relative minimum radius ( radiusmeanradiusmin ), 

• relative maximum radius ( radiusmeanradiusmax ), 

• relative range of radius ( radiusmeanrangeradius ), 

• relative standard deviation of radius ( radiusmeandevstdradius ), 

• relative diameter ( radiusmeandiameter ), 

• "zero" (auxiliary feature), 

• random value (auxiliary; random numbers are taken from the interval [  with 

uniform distribution). 

)1,0

Three testing datasets were used, each consisting of three categories of objects: 

triangles, squares, and circles. In the first case, the figures were generated to have ideal 

contours; in the second case, the shapes were hand-drawn (mouse-drawn) and hence are 

quite distorted (Figure 4). Both sets contained thirty-three examples of each category. The 

third trial involved all objects from the previous two sets. The WPCA was parameterized 

by the following values: 05.0==== impsucwp λλλλ , 1.0== impsuc minmin . 

Figure 4: Ideal and distorted samples of the three categories used during the WPCA trial. 
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Figure 5: Results of the WPCA trial with ideal two-dimensional samples. 
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Figure 6: Results of the WPCA trial with two-dimensional distorted samples 
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Figure 7: Results of the WPCA trial with two-dimensional combined samples. 
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Figure 8: Results of the WPCA trial with ideal twenty-dimensional samples. 
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Figure 9: Results of the WPCA trial with twenty-dimensional distorted samples. 
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Figure 10: Results of the WPCA trial with twenty-dimensional combined samples. 
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Figures 5–7 show the categorization progress in the case when the feature vectors 

are two-dimensional and consist of relative radial standard deviation and of relative di-

ameter. The success in categorization if all of the twenty features are used is shown on 

Figures 8–10. All six graphs are averaged over 1000 runs of the whole categorization 

process. Note that the average number of prototypes converges to three, i.e., there is one 

prototype for each category. 

As can be seen clearly, the Euclidean metric outperforms the other two distance 

functions in the two-dimensional case. On the other hand, when all twenty features are 

employed, the best results can be achieved by using the Manhattan metric. This reflects 

the fact that the two selected features are quite independent. However, if we use more 

features, chances are that some new dependencies arise. As stated by Gärdenfors, if the 

Euclidean metric fits the data best, the dimensions are integral; if the Manhattan metric 

gives the best results, the dimensions are separable [4]. 



   31 

4 Conclusion 

In chapter 1, we introduced the basic notions necessary to understand the required charac-

teristics of a conceptualization scheme employed by agents, which engage in language 

games. In chapter 2, we not only formalized some of the ideas behind conceptual spaces 

proposed by Gärdenfors, but also extended the standard conceptual spaces generated by 

sets of prototypes by adding an individual vector of weights to each of the prototypes. 

These weights allow us to represent non-uniformly scaled concepts, special cases of 

which are partial concepts. We devoted chapter 3 to the novel Weighted Prototypes-Based 

Categorization Algorithm (WPCA), which is intended to be employed by agents playing 

language games. 

As a bonus for the reader, we propose two further improvements to the WPCA. 

First, an additive vector of weights could be stored with each prototype that we believe 

would let the algorithm handle conceptual hierarchies, i.e., "overlapping" concepts. Fi-

nally, the weight vector could be replaced with a covariance matrix, which would allow a 

modified version of the WPCA to handle even more generally shaped and oriented con-

cepts.  
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