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Chapter 9

Qualitative Modeling

Kenneth D. Forbus

9.1 Introduction

Qualitative modeling concerns representation and reasoning about continuous aspects
of entities and systems in a symbolic, human-like manner. People who have never
heard of differential equations successfully reason about the common sense world of
quantities, motion, space, and time. They do so often in circumstances offering little
information, using the ability to characterize broad categories of outcomes to ascertain
what might happen. For many tasks this is enough: Knowing that a valuable fragile ob-
ject might be pushed off a table is sufficient reason to rearrange things so that it cannot
happen. For other tasks, knowing the possible outcomes suggests further analyses,
perhaps involving more detailed models. For example, an engineer designing a tea
warmer must keep the tea at a drinkable temperature, while not allowing it to boil.
Reasoning directly with qualitative models can capture important behavior patterns,
automatically producing descriptions that are closer to the level of what people call in-
sights about system behavior, making them useful for science, engineering, education
and decision-support. Capturing the representational and reasoning capabilities that
enable robust reasoning about continuous systems is the goal of qualitative modeling.

Qualitative modeling is today most commonly referred to in the literature as quali-
tative reasoning, but we use qualitative modeling here to emphasize that the represen-
tational work in this area shared equal importance with work on reasoning techniques
per se. (As will be seen below, the tradeoffs in them are deeply intertwined.) Qualita-
tive physics has often been used for research in this area as well, since understanding
physical systems has been a central focus of much of the work in the area. However,
this term has become less popular as the applicability of these ideas to areas such as
finance, ecology, and natural language semantics have been explored.

We start by outlining some of the key principles of qualitative modeling, and sketch
the kinds of reasoning that is involved. This sketch provides the terminology and basis
for the summaries of the key ideas that constitute the bulk of this chapter. Specifically,
we summarize the key ideas in qualitative mathematics, ontologies for organizing
qualitative knowledge, causality, compositional modeling, states and simulation, and
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qualitative spatial reasoning. We close with a few examples of applications of qualita-
tive modeling, to illustrate how these ideas play out in real examples.

9.1.1 Key Principles

There are three key principles that govern qualitative modeling.

Discretization

Qualitative representations quantize continuous properties. Discretization provides
two functions. First, it turns a continuous media into entities, things which can be
represented and reasoned about symbolically. Second, it provides a means of abstrac-
tion: Instead of a continuous parameter taking on an infinity of possible values, for
example, one might represent its value via its sign (i.e., is it positive, negative, or
zero?), or via comparison with important other values. Abstraction is crucial because
qualitative modeling needs to work in situation where few if any details are known. If
a rubber ball is dropped onto a hard wood floor, we know that it will bounce, without
knowing the specific coefficient of restitution for the particular rubber used in the ball
nor knowing the details of the stiffness of the wood in the floor. Qualitative models are
focused on inferring as much as possible from minimal information.

Relevance

The discretizations chosen for qualitative representations are imposed via constraints
from both the nature of the system and the reasoning to be done about it. That is,
qualitative values are constructed to be relevant for some class of tasks. In reasoning
about the thermal properties of a fluid, for example, the freezing point and boiling
point of that substance are natural comparisons to make, defining three ranges1 for the
value of temperature for that fluid. Similarly, the regions within which a vehicle of a
given type might move represent a useful qualitative distinction for reasoning about
an off-road driving situation. Within a specific region constituting a qualitative value,
the behavior of the system is the same, with respect to some task-specific criteria. For
example, if one is only concerned with knowing whether or not a fluid is solid, liquid,
or gas, every specific numerical value of temperature between the freezing point and
the boiling point are equivalent. But if one also wants the fluid to be drinkable, there
are further subdivisions imposed by that task upon temperature.

Ambiguity

Working a high level of abstraction has a cost: There often is not enough information to
ascertain which of several possible behaviors will occur. That is, the predictions made
by qualitative models are often ambiguous. This makes qualitative models an ideal
complement to traditional mathematical and numerical techniques. Traditional tech-
niques require someone to first frame the problem, by identifying what phenomena
are relevant and what categories of behaviors are conceivable. Mathematical models
for the relevant phenomena can then be used to ascertain exactly what behaviors will

1Ignoring high pressure situations at which both the freezing point and the boiling point are the same,
known as the triple point in thermodynamics.
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Figure 9.1: Three containers.

Figure 9.2: Model formulation leads to new conceptual entities, including processes.

occur, up to the resolution and accuracy of the models used. Qualitative models for-
malize this framing process, via automatic modeling algorithms to identify relevant
phenomena and identify conceivable kinds of behaviors.

9.1.2 Overview of Basic Qualitative Reasoning

To ground our subsequent discussion, we outline how fundamental steps in qualitative
reasoning fit together to construct a description of possible behaviors. We use the three
containers example, shown in Fig. 9.1, as an illustration.

Model formulation

The first step in reasoning is to construct a model of the system or situation. The input
description is typically called the scenario. The knowledge of the kinds of entities and
phenomena that can occur are represented as model fragments, typically stored in a
library called the domain theory. A model for the scenario is assembled from relevant
model fragments via a reasoning process calledmodel formulation. Model formulation
uses both the contents of the scenario and constraints imposed by the task for which
the model is being constructed.

In our example, the domain theory might include model fragments for describing
the properties of pieces of liquid within a container, and the possibilities of flows
between them, if the pipes are open. We depict instances of these entities graphically in
Fig. 9.2, using pieces of water for the contained liquids and starbursts for the possible
flows that might, depending on circumstances, occur.

Elaborating a qualitative state

The scenario model consists of a set of model fragments, representing properties and
relationships that may or may not hold at any given time. The set of entities that are
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Figure 9.3: Active processes given assumed initial levels.

held to exist by the model and what parameters they have are defined by the set of
active model fragments. The qualitative values of the parameters are typically only
partially constrained by the set of active model fragments. A qualitative state is defined
by the set of active model fragments plus the qualitative values for all of the parameters
of the system.

If the scenario describes some specific initial condition, then once a scenario model
has been constructed one or more qualitative states describing that scenario can be
derived. Notice that there can be more than one qualitative state describing the scenario
because the initial scenario description might be incomplete. This is often the first
step in understanding a complex system, for monitoring or diagnosis. The causality
imposed by qualitative models can be important, since achieving desired states and
avoiding undesirable states requires tracing back through the antecedents for the state
to manipulable aspects of the system. For example, it is the low level of fuel in the
tank that causes a warning light in a car to come on; to extinguish the warning light
requires adding fuel to the tank.

Returning to our running example, suppose the level of water is higher inG than it
is in either F or H . Then, assuming the pipes are open, there will be two instances of
water flows, representing water leaving G, as shown in Fig. 9.3. While this example
looks simple, it involves some surprising subtleties. For example, our inference that
water is flowing out ofG rests on the heights of the bottoms of the containers all being
the same: if H were much higher, its pressure would be higher and flow would go in
the reverse direction in that path. If we modeled gasses in the containers and they were
closed, then we would have to take their contribution to the pressure into account. The
ability to reason about different modeling assumptions is discussed below.

Qualitative simulation

Some qualitative states can last forever, but most do not. Qualitative simulation iden-
tifies what states can happen next. This process can be applied recursively, to derive
all of the states that can follow from a given initial qualitative state. Generating all
possible categories of behaviors is called envisioning. For very simple systems envi-
sioning can be polynomial in the complexity of the qualitative spatial model used, but
in general it is exponential in the number of constituents of the qualitative state. When
landmark introduction is used, the number of qualitative states can be infinite even for
simple systems. This means that the choice of qualitative representations and what is
needed in terms of predictions must be considered carefully when designing reasoning
systems for a specific task.

Returning one last time to our three containers: Fig. 9.4 summarizes the envision-
ment for the situation in Fig. 9.3. Small arrows indicate liquid flows inside a state
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Figure 9.4: An envisionment for the three containers situation, starting from the qualitative state of
Fig. 9.3.

between two containers, big arrows indicate transitions. The state in the middle repre-
sents the qualitative state depicted in Fig. 9.3.

Notice that we actually do not know which of the two flows might stop first. Al-
though the pipes have been drawn the same size, we do not know if one of them
is partially clogged, for example. So there are three possible next states. Transitions
marked with an “i” occur in an instant, whereas all others require an interval of time
to occur. Thus we can see that, if either flow stops before the other, it will then reverse,
stopping only when the entire system reaches equilibrium (the bottom state). From the
fact that there are transitions into this state and no transitions out, we can conclude
that this state will last forever, unless something else disturbs the system.

9.2 Qualitative Mathematics

Qualitative mathematics formalizes notions of quantity and relationships at a more ab-
stract level of detail than mathematics as traditionally used in science and engineering.
While causality is intimately linked with qualitative mathematics in some systems of
qualitative modeling, this is not universal and so causality is discussed later.

9.2.1 Quantities

Qualitative notions of value

There is a surprising range of qualitative representations for continuous one-dimen-
sional parameters. Any account of qualitative value must address three issues:

1. What is the set of values used? For most traditional models, parameters take
on real values (i.e., elements of �) or floating point approximations thereof.
Most qualitative value systems identify a finite set of values. In some systems
the set of values is described statically, while in others the set of values varies
dynamically, providing variable precision.

2. How can they be reasoned with? Traditional values can be plugged into equa-
tions and used to derive new values. Most qualitative systems support some
form of propagation of value information through qualitative relationships,
enabling information about one part of a system to be used to infer informa-
tion about other parts. Some qualitative systems support more equation-like
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algebraic manipulations, although the set of allowable manipulations is more
restricted due to the nature of qualitative values [110].

3. How can they be generated from other sources of information? Often scenario
descriptions are automatically derived from sensor data or other noisy, limited-
accuracy numerical information. Techniques used for this include simple range
calculations, fuzzy logic [22, 6], and trendline analyses [30].

The status abstraction The simplest notion of qualitative value is simply describing
a parameter as normal/abnormal, the status abstraction developed by Abbott [1] to
support diagnosis of aircraft engine failures and subsequently used in photocopier
modeling [5]. Reasoning with such values is via propagation through a qualitative
model of the system, and the values themselves are computed via tables that describe
ranges of values for particular sensors that are considered nominal.

Signs Almost as simple is the sign algebra developed by de Kleer and Brown [26],
where parameters are characterized as positive (+), negative, (-), or zero (0). The
sign algebra is the simplest system that enables continuity constraints to be applied:
A qualitative value cannot jump directly from + to -, or from - to +, without first go-
ing through 0. When applied to derivatives, it provides a natural formal expression for
the intuitive idea of a parameter either being increasing, decreasing, or remaining con-
stant. By judicious introduction of quantities during model formulation, a surprisingly
wide range of systems can be modeled with this algebra. For example, if freezing can
be ignored the temperature of a fluid could be modeled by the difference of its tempera-
ture with the boiling temperature, so that - corresponded to liquid and + corresponded
to gas.

Signs also make concrete the central role of ambiguity in qualitative models. Con-
sider the equation

[x] + [y] = [z],

where [a]means “the qualitative value of a”. (This is an example of a confluence [25].)
If we know that x and y are +, then we know that z must be + as well. However, if
we know that [x] is + and [y] is -, then we can say nothing about [z]—whether it
is +, -, or 0 depends on the relative magnitude of x and y. This ambiguity has been
handled in two different ways in qualitative sign algebras. One way is to introduce a
new value, often labeled ?, to explicitly represent ambiguity. This provides a compact
representation of the ambiguity which can then be propagated through the rest of the
system. The other way is to introduce branching, characterizing the ambiguity either
by creating alternate models corresponding to combinations of different values, or
carrying through the model complex labels representing the possibilities, in an ATMS-
like fashion [27].

Finite symbolic value systems Early efforts to characterize numerical values in AI
often focused on describing parameters in terms of a small number of terms, such
as high, medium, or low, but without much consideration about how to reason
with such systems or how to construct them from numerical parameters. Defining
consistent algebras for combining such values can be tricky: high + high clearly
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equals high, but does medium+ low equal medium or high? Whatever system of
combination is chosen must be consistent with how the qualitative values are computed
from underlying information, which can be tricky. Nevertheless, such systems have
important uses. For example, Guerrin [56] observes that ecology researchers gathering
data have particular discretizations of this form that they find natural, and described
how to create algebras that map between different resolution finite symbolic value
systems. Similarly, a number of researchers have found adapting the fuzzy logic notion
of overlapping values in qualitative representations to be valuable (cf. [101, 10]).

Expressiveness is one side of a tradeoff for the choice of qualitative value rep-
resentation. The other side is tractability. When constructing qualitative states using
parameters whose values are represented as signs, each parameter introduces three (or
four, if there is an explicit ambiguity value) potential choices. If there areN parameters
and M possible qualitative values for a parameter, then there are MN possible states
that are distinguished by parameter values. There are typically additional choices in-
volved in defining states, including status of model fragments and the truth of external
statements, as discussed below. Moreover, the laws governing system behavior typ-
ically rule out the vast majority of these possible states. But the point remains true:
The more expressive the qualitative value representation, the less tractable qualitative
simulation tends to become.

Quantity spaces, limit points, and landmarks

One limitation of the schemes outlined so far is that they have particular fixed levels
of resolution. Sometimes the set of distinctions to be drawn needs to change dynami-
cally, during the course of reasoning. Typically this happens due to some comparison
between two values becoming relevant that could not have been predicted before rea-
soning began. Returning to fluid temperature, one might be able to determine that for
a specific task, either the boiling point, the freezing point, or both might be relevant
for that task, and define ranges accordingly. However, if the fluid is in contact with
multiple objects (directly or indirectly), there are possible heat flows to be considered.
Heat flows are conditioned on temperature differences between the entities involved.
The relevant temperatures to compare against are therefore determined also by the heat
flows that the fluid can potentially participate in. Consider, for example, planning the
cooking of a complex meal. Many dishes will be brought to various temperatures by a
variety of means, and solids and fluids placed in different locations and combined in
a variety of ways. It is hard to see how a fixed vocabulary symbolic algebra could be
constructed for this situation that would be small enough to be tractable. This is why
many qualitative modeling systems use dynamic resolution value representations.

The quantity space representation for a quantityQ defines the value of Q in terms
of ordinal relationships with a set of other quantities, the limit points for that quantity
space [43]. The set of limit points is determined by what comparisons are relevant for
the current task. In some qualitative modeling systems (e.g., QSIM [74, 75], GARP
[13], the set of limit points is determined by the modeler. In others (e.g., qualitative
process theory [43]), limit points are derived automatically on the basis of the model
fragments that have been created and reasoning about the interactions in the model.
For example, zero is always a limit point in the quantity space for derivatives, since
the relationship of the derivative to this value determines the important property of
whether a value is increasing, decreasing, or constant (Ds values, in QP theory).
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Quantity spaces can be partially ordered, which is useful for explicitly representing
partial states of knowledge. One might know when cooking, for example, that both the
sautéed onions and the sauce are hotter than room temperature, but may not know their
relative temperatures when combining them. A value space is a totally ordered quan-
tity space. Imposing a total order can be useful for qualitative simulation algorithms,
since it reduces one source of ambiguity (and hence possible branching) and allows
graph-like depictions of parameter values to be created for visualization. A value space
with N limit points is essentially a 2N + 1 finite symbolic algebra, with the symbols
being the specific limit points and the regions above, below, and between them.

Another source of potential comparisons are landmark values, or landmarks.
A landmark is a fixed (although typically unknown) numerical value. Some quali-
tative modeling systems (notably QSIM) introduce landmark values dynamically. For
example, when a partially elastic ball bounces, energy is lost with each collision, and
the maximum height it reaches on each successive bounce decreases each time. Each
such maximum height can be represented as a landmark value, and the fact that the
system is losing energy can be inferred from the fact that each subsequent landmark
value is smaller than the previous one. It is important to note that all landmark val-
ues are limit points, but not all limit points are landmark values. All landmark values
are limit points because the newly introduced distinction is used to carve up future
states: Otherwise, it would not be useful to introduce them. But limit points need not
be defined in terms of specific fixed values, as the temperatures in the cooking exam-
ple illustrates. One can, for example, infer that two temperatures can become equal
without introducing a new entity to represent what that equilibrium temperature is.

The tradeoff with landmark introduction is, again, expressiveness versus tractabil-
ity. With landmark introduction, whether a system is oscillating steadily, decaying,
or growing via positive feedback can be “read off” directly by comparing subsequent
landmarks, in a correct qualitative simulation. However, the number of possible states
grows from finite to infinite, since between two landmarks one can always introduce
another one.2 Moreover, formulating the laws governing a system so that the land-
marks produced are always correct can be problematic, as discussed below.

Interval arithmetic and tolerances

A more quantitative method of providing dynamic resolution is to put numerical con-
straints on values. In interval arithmetic, values are represented as closed intervals
whose end points are specified numerically. In tolerances, values are described as a
numerical value plus a numerical tolerance, essentially a small interval around the
given value within which the real value can be found. There are well-known problems
with interval arithmetic, e.g., given Z = X/Y , with X = [1, 2] and Y = [−1, 1], then
Z = {[−∞,−1], [1,∞]}. However, progress in this area (cf. [61]) may change how
practical it is.

Order of magnitude representations

Sometimes effects can be ignored because they are negligible compared to others. For
example, the level of water lost through evaporation can safely be ignored when com-

2It might even be possible to construct the reals over an interval using landmark introduction, via a
method analogous to Dedekind cuts.
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puting how fast the level of water is rising during a flood in a city. Such intuitions can
be formalized through order of magnitude representations. Two distinct strategies have
been used for formalizing order of magnitude knowledge. Absolute order of magni-
tude representations partition the reals into distinct equivalence classes. For example,
the effect of evaporation on the water level in New Orleans would be represented in
a Q-Algebra [105] as Negative Small, while the water pouring in through the levee
would be represented as Positive Large. The relationships between these values would
enable a reasoner to determine that the net effect will be an increase of water, all else
being equal. Relative order of magnitude representations use a set of relationships to
impose partitions dynamically. For example, in Raiman’s [93] FOG, one would state
that the rate of evaporation� rate of inflow from levee, where� is read “is negligible
compared to”, which would license ignoring the effect of evaporation while flooding
is occurring. As with other kinds of value-based versus relation-based representation
schemes, there are circumstances where each is more natural, and translations between
them exist [106].

9.2.2 Functions and Relationships

Relationships between quantities express constraints imposed by the world, and de-
scribe the dynamics of a system. Just as qualitative values can be viewed as levels
of abstraction over the underlying reals, qualitative mathematical relationships can be
viewed as abstractions over the relationships of traditional mathematics. As before,
the art is in selecting a level of representation that is appropriate for a given task, both
in terms of the information available and in terms of the reasoning required.

In traditional mathematics, there is a standard distinction between algebraic rela-
tionships and integral or differential relationships. The former suffice for static sit-
uations, the latter are required for describing systems that change over time. Every
modeling system that handles continuous dynamical systems always has both types
of relationships, although the particular methods for handling them vary. We discuss
each in turn, after focusing on compositionality.

Importance of compositionality

A hallmark of qualitative reasoning is that it handles partial information about math-
ematical relationships. This provides a form of elaboration tolerance [82]. The main
tool for compositionality is defining relational primitives that express partial infor-
mation about an underlying relationship, such as the use of influences in QP theory.
This is the same technique used in traditional mathematics when, for instance, one
uses addition to combine effects. New terms representing additional factors to include
can be added when the set of models considered to be relevant changes, or correction
terms can be added when models are found to be inadequate. Qualitative represen-
tations take these practices further, providing more levels of partial information, and
formalizing the reasoning involved. Notice that this requires non-monotonic reason-
ing, since adding information about a relationship can change previous conclusions
drawn using it.

For example, consider again reasoning about a flood. The rate of water flowing in
through a breached levee will depend on a number of factors, in complex ways. There
is the level of water behind the levee, the size and shape of the holes and/or gaps,
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and the level of water already in the city to be considered, for instance, among others.
Common sense tells us some relationships already: The higher the level of water be-
hind the levee, the faster the rate of inflow. Similarly, water will flow faster through a
larger gap than a smaller one. Both of these everyday statements are constraints on the
rate of water flow, which, together with the other factors, can be used to construct a
function that will allow us to reason about how changes in these parameters will affect
the rate of water flowing into the city. In circumstances like these, quantities are not
irrelevant—if the levees had held, evacuation would not have been necessary—but it
is simply not possible to create a detailed model of the situation that would allow an
accurate, detailed quantitative prediction of what will happen over time. Knowing that
there could be a problem, and understanding what data should be gathered to figure
out how bad it is, is an essential service that qualitative models provide, formalizing
what is now done intuitively and informally.

Algebraic relationships

Monotonic functional relationships play a special role in qualitative reasoning because
they are the weakest relationship that enables the propagation of signs of derivatives.
For example, the qualitative proportionality of QP theory is defined as

A ∝Q+ B ≡ ∃f |A = f (. . . , B, . . .) ∧ f is increasing monotonic in B

∝Q− is the same, except that f in that case is decreasing monotonic in B. (There is
also a causal interpretation which is part of the definition, described in the section
on causality below.) If we know that B is increasing, then, all else being equal, we
know that A must be increasing. The “all else being equal” requires a closed-world
assumption over the set of possible qualitative proportionalities constraining A. Such
closed-world assumptions are useful for two reasons. First, they enable us to proceed
with partial information. Second, if our conclusions turn out to be wrong, closed-world
assumptions can be re-examined for backtracking. The functionM+, defined in [74],
is similar, except that it is presumed that its arguments are the only inputs.

There is no weaker description of the relationship between two parameters that li-
censes the inference that “if B goes up, thenAmust go up”. Thus monotonic functions
provide an abstraction that covers a wide range of more concrete mathematical expres-
sions, assuming that their range of validity is appropriately scoped. Such scoping is
carried out in qualitative modeling systems via model fragments that provide explicit
conditions of applicability, as discussed below.

There are times when one needs more details in combining parameters. In keeping
with the goal of compositionality, the compositional modeling language (CML; [9])
defines compositional operators C+, C−, C∗, and C/, all of which are compositional in
the same way that qualitative proportionalities are, e.g., one might state a one-dimen-
sional form of Newton’s Second Law as

C∗(F,M) ∧ C/(F,A)

Integral/differential relationships

To describe changes over time requires expressing relationships involving derivatives.
This can be done via an explicit relationship involving derivatives. For example, the
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confluence [26]

∂W + ∂F − ∂D = 0

describes how the changes in the amount of flood water in the city (W), water flooding
in (F ), and water flowing out through storm drains (D) might be related in a model of
flooding. The confluence derivative relationship (∂) is defined as

∂Q ≡ [dQ/dt], i.e., the qualitative value of the time-derivative ofQ

If, for example, the water flooding in (F ) increases while the outflow (D) remains
constant, then the water level in the city must be increasing. QP theory uses more com-
positional primitives to achieve the same end, through the I+ and I− relationships:

I+(A,B) ≡ dA/dt = · · · + B + · · ·

for I−, B is a negative term in the sum. This is similar to the definition of qualitative
proportionality, but differs in two important ways. First, what is constrained is the time
derivative of A, not A itself. Second, the combinator is addition, rather than being un-
specified. This is important because it enables knowledge of relative rates to determine
the existence of dynamic equilibria. For example,

I+(W, F ) ∧ I−(W,D)

enables us to deduce that, if D were large enough, then the city would never flood.

Tradeoffs in qualitative mathematics systems

The relative sparseness of relationship modeling choices compared to modeling
choices for quantities may seem surprising. Fundamentally, the reason is that the set
of analytic functions in mathematics is huge: Almost all of the useful abstractions, ex-
cept for the very weakest relationships, may have already been explored by traditional
mathematics.

An important question to ask is, how complete are qualitative representations
relative to ordinary differential equations? By appropriate scoping, so that (mathemat-
ically) non-monotonic functions are decomposed into monotonic segments, one can
create a qualitative differential equation (QDE) for any ordinary differential equation,
as discussed in [75].

9.3 Ontology

Modeling systems based on traditional mathematics tend to be informal about on-
tological issues. Informal decisions, based on experience with the world as well as
professional expertise, are used to decide what entities should be included in a situa-
tion, what phenomena are relevant, and what simplifications are sensible. One goal of
qualitative modeling is to make such tacit knowledge explicit, providing formalisms
that can be used for automating (either fully or partially, depending on task) the mod-
eling process itself. For some applications, automated modeling is not necessary, and
systems of qualitative mathematical equations can be constructed to do useful work, as
long as the task and situations they are used in are carefully circumscribed. However,
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both scientifically and as a practical matter, automated modeling is of great interest.
For example, in educational applications, learners typically do not have the expertise
to formulate models themselves, so careful model formulation (or selection) can be
essential.

There are three ontologies commonly used in qualitative modeling: components,
processes, and fields. We discuss each in turn.

9.3.1 Component Ontologies

The component ontology is a generalization of the idea of analog electronic circuits
[26]. That is, a system is considered to be a network of components. Each type of
component has a defined set of terminals that can be used to connect it to others, and
the only possible interactions are through such connections. Consider, for example,
the circuit shown in Fig. 9.5. When the input voltage Vin rises, it causes more current
to flow between the base and emitter of the transistor. This small increase of current
flow causes a much larger flow between the collector and the emitter, which produces
a larger voltage swing at the output Vout (which is why transistors are used as ampli-
fiers). Note that this explanation was created by tracing through the laws associated
with components, and propagating effects through their connections. In the physical
world, under some conditions other kinds of interactions matter: at high frequencies
shapes and distances in physical layouts matter, and at high power thermal effects
must be taken into account. But for many kinds of analyses, networks of components
provide an excellent way of organizing models.

While analog electronics is the paradigmatic domain for the component ontology,
component models have been used in other domains, such as VLSI and chemical engi-
neering [14]. Sometimes mixed ontologies, combining processes with components, is
required (e.g., engineering thermodynamics, see [52]). In general, component models
work best when the kinds of interactions there can be between entities remain rela-
tively fixed. Modeling motion in a three-dimensional world, for example, would be an
unnatural domain to use a component ontology for, since the “network” changes fre-
quently. Component models are also poor choices when the set of entities that exists
can change frequently, e.g., agent-level modeling of an ecosystem.

Bond graphs are an important category of component ontology. Structurally, bond
graphs were developed as a generalization of the idea of chemical bonds, where the
“molecules” become instances of components, drawn from a small library of possible
types. Bond graphs have been used in a wide variety of engineering domains, and are

Figure 9.5: A simple electronic circuit.
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attractive because of its well-worked out methodology for constructing models, most
if not all aspects of which appear as applicable to qualitative modeling as to traditional
modeling, although this is still being explored (cf. [83]).

9.3.2 Process Ontologies

In process ontologies (cf. [43]), processes are treated as a distinct category of entity
from the other kinds of objects in the world. Processes arise from the relationships and
properties of those objects, e.g., an instance of liquid flow can occur when two con-
tained liquids are connected by an open path and the pressure of one of them is higher
than the other. Note that the process is not the same as the pattern of its effects, since
multiple processes can affect the same parameters. Consider a house that is losing heat
to the snow outside while also being heated by its furnace inside. Whether the house is
getting hotter, colder, or remains steady, as long as it is warmer than its surroundings,
the heat flow out of it will continue. Thus the need to reason about multiple effects
requires distinguishing a process from the outcomes it can cause.

Here is an example of a heat flow process:

(defmodelfragment heat-flow
:subclass-of (physical-process)
:participants ((the-src :type thermal-physob)

(the-dst :type thermal-physob)
(the-path :type heat-path
:constraints ((heat-connection

the-path the-src the-dst))))
:conditions ((heat-aligned the-path)

(> (temperature the-src) (temperature the-dst)))
:quantities ((heat-flow-rate :type heat-flow-rate))
:consequences ((q= heat-flow-rate

(- (temperature the-src)
(temperature the-dst)))

(i- (heat the-src) heat-flow-rate)
(i+ (heat the-dst) heat-flow-rate)))

The participants represent the formal parameters of this type of process, with the
type information and constraints providing sufficient conditions for deriving the exis-
tence of an instance of this type of process. Existence is not the same as acting: One
can have a window that is no longer leaking heat, for example, because one has tem-
porarily sealed it with plastic (thus making heat-aligned false). Reasoning about
existence provides a useful intermediate stage in constructing explanations: Process
instances that exist become candidates for actually doing something. An instance of
a process is active when its conditions hold, in this case, that the temperature of the
source (the-src) is higher than that of the destination (the-dst). The consequences hold
only when it is active, here, that a heat flow rate, which depends on the temperature dif-
ferential, acts to increase the heat of the destination and decrease the heat of the source.
One can model a home heating system, for example, in terms of processes such as heat
flow, liquid or gas flow, pumping, etc. (depending on the type of heating system).

Process ontologies are a natural fit to most everyday physical phenomena. Indeed,
there is evidence suggesting that the notions of flow and transformations that are often
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encoded into natural language seem to be reasonably well described using processes
[77]. However, they also have disadvantages: They require reasoning about the re-
lationship between objects to automatically derive the existence of processes, and the
dynamic nature of existence supported by the process ontology creates additional com-
plexities in the reasoning it requires.

9.3.3 Field Ontologies

Both component and process ontologies are forms of what are called lumped para-
meter models. Many important phenomena, however, such as weather patterns and
phase portraits, are spatially distributed, and cannot be understood without reasoning
about that spatial structure. Field ontologies represent that structure by dividing space
into regions where some parameter of interest takes on qualitatively equivalent values.
This space can be physical space, e.g., for reasoning about heat transfer or meteorol-
ogy, or phase space, e.g., for reasoning about dynamics, or configuration space, e.g.,
for reasoning about mechanical systems. For example, Yip [111] showed that quali-
tative reasoning about regions in phase space could lead to the automatic generation
of publication-quality research results in a branch of fluid dynamics, and Bradley [12]
showed that such representations could be used in designing control systems that ex-
ploit chaos to gain efficiency.

Qualitative reasoning in this ontology typically uses representations and algorithms
drawn from computer vision and computational geometry to construct symbolic rep-
resentations of numerical data. The most general framework, the Spatial Aggregation
Language [3], describes the process of moving from visual representations to symbolic
representations in a recursive manner. This enables lower-level symbolic constructions
that still contain numerical properties (e.g., constructing iso-bar segments in weather
data, see [63]) to give rise to higher-level patterns in subsequent analyses (e.g., auto-
matically identifying pressure troughs by reasoning over the iso-bar segments).

While the state of the art in qualitative analysis using field ontologies is quite ad-
vanced, relatively little work has been done to determine the properties of qualitative
simulation within this ontology. The only work to date is that of Lundell [79], who
developed a spatially distributed notion of process and formulated spatial constraints
for governing the process of deriving changes in regions over time. This is an area that
could greatly repay further investigation.

9.4 Causality

Causality tends to be important in qualitative models because they are often formulated
for tasks that involve figuring out how to change the world, such as design, monitoring,
and diagnosis. The central role of causality in human explanations means that effective
qualitative models for explanatory and educational purposes must be compatible with
human notions of causality. The exploration of causality in complex technical domains
has led to the development of more sophisticated accounts of causality in continuous
systems than found in other areas of cognitive science. For example, a surprising num-
ber of models still maintain as a core constraint (inherited from classical philosophy)
that a cause must always precede an effect. Empirically, people are quite happy to use
causality to describe relationships that are algebraic in form (i.e., the increase in heat
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causes an increase in temperature, which in turn causes an increase in pressure), and
do not find the simultaneity between cause and effect alarming.

There are two basic kinds of causal accounts used in qualitative modeling, struc-
tural and dynamical. We discuss each in turn.

Structural accounts of causality endow particular representational primitives with
causal powers. For example, in QP theory, the sole mechanism assumption is that
physical processes are ultimately the only source of causal changes in purely dy-
namical systems. These causal effects are propagated through direct influences, and
then through qualitative proportionalities (which are sometimes called indirect influ-
ences for this reason). For example, a heat flow process directly influences the internal
energy of the source and destination. If nothing else is occurring, then, since the tem-
peratures of the source and destination are qualitatively proportional to the internal
energy (aka heat, in everyday parlance) in any reasonable model, this causes the tem-
perature of the destination to rise and the temperature of the source to fall.

In structural accounts, the relationships in qualitative mathematics are given spe-
cific causal interpretations. For example, in QP theory,

I+(A,B): B being non-zero causes A to increase, all else being equal.

A ∝Q+ B: B increasing causes A to increase, all else being equal.

This simplifies explanation generation, since describing causality within a state
can be done by identifying which processes are active, describing how they cause
changes to the directly influenced parameters, and then how those changes cause in
turn changes in the rest of the system.

The alternative to a structural causality account is to dynamically derive casual
structure. This requires choosing a place to start, identifying the beginning of the
causal chain. In confluences, this is done by providing an input to the system, and
viewing all changes as being caused by the effects of that input [26]. In causal order-
ing, exogenous variables are viewed as the start of causal chains, and a set of causal
relationships is found by analyzing the set of (qualitative or quantitative) algebraic
equations governing the system [65].

Both accounts of causal reasoning are compatible with different aspects of human
causal reasoning. In many domains, causal relationships are strongly directional. Ac-
celeration causes changes in velocity, and changes in internal energy always cause
changes in temperature, and never the other way around, for example. By contrast, in
an input-driven scheme, the order chosen for propagation of change can influence the
direction of causality about different instances of the same component. For example,
in one part of a causal explanation of the effects of a change on an analog electronic
circuit, an increase in voltage across a resistor might cause the current through it to
increase, whereas in another part of the same circuit, an increase in current through
a resistor could cause an increase in voltage across it. Empirically, it seems most hu-
man mental models involve strongly directed causality, with analog electronics being
an exceptional case. How many other domains involve reversible causality is an open
question at this writing. It is important to note that strongly directed causality does
not necessitate a structural account. For example, if the set of exogenous parameters
governing a system being modeled through causal ordering is the same as the union
of the directly influenced and uninfluenced parameters in a QP model of a system, the
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causal stories produced by the systems are likely to be very similar, assuming equiva-
lent domain theories.

So far we have focused on within-state causal explanations. Across-state causal
explanations describe why transitions between states occur. For example, “the increas-
ing temperature of the water in the kettle reached its boiling point, causing it to boil.”
As noted above, changes in a quantity’s relationships with its limit points often cor-
responds to a change in whether or not some model fragment is active, and hence
a change in qualitative state. Thus the within-state changes that lead to the signs of
derivatives involved in the comparison that changed, plus the change in the compari-
son itself, are viewed as the cause of the state change. (In general, there can be more
than one comparison changing at once.) As always with causal reasoning, there is
an implicit set of conditions that could negate it—for example, some other change
might have occurred first if rates were different. Philosophically, making a distinc-
tion between these two kinds of conditions has proven difficult, but the computational
grounds provided by this account provide, at least for this category of example, a clear
distinction between foreground and background information that seems to match hu-
man causal explanations well.

It should be noted that this notion of causality is similar in some respects to that
used by minimal-model change action frameworks (cf. [16]), in that they both pro-
vide ontological reasons for distinguishing some aspects of a situation as being more
causally primitive than others, and use minimal-change heuristics (e.g., continuity in
qualitative modeling) to derive potential next states. They are significantly different
than probability-based accounts (cf. [91]), which are attempting to formalize condi-
tions for inferring causal relations based on statistical information.

9.5 Compositional Modeling

Modeling is typically considered an art. One goal of qualitative modeling is to turn it
into more of a science, by formalizing the process of constructing models, calledmodel
formulation. This involves reasoning about the entities and relationships between them
in the system being modeled, the properties of the task for which the model is being
constructed, and the knowledge available for modeling.

The primary methodology developed for this is compositional modeling [37]. The
basic idea is that the knowledge available for modeling, the domain theory, includes a
collection ofmodel fragments. A model fragment is a piece of knowledge about how to
model a particular entity or relationships. For example, suppose we are constructing a
model of the flooding of New Orleans. One important event was a breach in the levees,
which created a fluid path from the rising floodwaters to the city. The rate of flow
through this path depends on a variety of factors, one of which can be considered as
the fluid conductance of the path. The dependence on fluid conductance on geometry
might be described as follows:

(defmodelfragment fluid-path-geometric-properties
:participants ((path :type fluid-path))
:conditions ((unblocked path))
:consequences ((qprop (fluid-conductance path) (size path))

(qprop- (fluid-conductance path) (length path)))
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That is, the bigger the breach, the more fluid can potentially flow. But how should
size be modeled? Perhaps that is something which can directly be ascertained from
available data. But if not, it must be calculated in terms of other properties. Which
properties should be used will depend on the particulars of the situation:

(defmodelfragment 2D-size-rectangular-estimate
:participants ((entity :type 2D-surface))
:conditions ((approximately-rectangular-2D-projection entity))
:consequences ((= (size entity) (* (width entity)

(height entity)))))

Notice that both qualitative and quantitative information can be specified in model
fragments. The compositional nature of qualitative mathematics means that models
appropriate for particular purposes can be assembled out of a number of such frag-
ments, by model formulation algorithms, as described below.

One of the key problems in modeling is knowing what to include and what not
to include. Quantum mechanics, for instance, is not terribly useful when considering
whether or not a city might be flooded. What level of detail is relevant depends on the
particular question being asked: Knowing that levees might be breached depends on
estimates of how much water will build up and their state of repair, knowing when that
might happen depends on estimating how quickly water is building up, and knowing
where that might happen depends on knowing the detailed spatial configurations in-
volved. Most systems can be modeled at multiple levels of detail, and from different
perspectives. The information needed to make such choices is represented by explicit
modeling assumptions and relationships among them. An important kind of relation-
ship are assumption classes. An assumption class is a mutually exclusive, collectively
exhaustive set of modeling alternatives for something. A model is coherent only if it
includes a choice from every valid assumption class. For example,

(defAssumptionClass (fluid-path ?obj)
((consider (abstract-fluid-path ?obj))
(consider (geometric-fluid-path ?obj))))

That is, for any fluid path, one should either consider its geometry or not. Choosing
to consider its geometry, in turn, can lead to new assumption classes being relevant,
e.g.,

(defAssumptionClass (geometric-fluid-path ?obj)
((consider (approximately-rectangular-2D-projection ?obj))
(consider (approximately-circular-2D-projection ?obj))
(consider (irregular-shaped-2D-projection ?obj)))

Notice that one of the modeling assumptions in this assumption class is the condi-
tion for the rectangular size estimation model fragment introduced above. In addition
to such explicit dependencies, some compositional modeling languages define the se-
mantics of model fragments in terms of an implicit negation, i.e., given a potential
instance of a model fragment MF, it can only be instantiated if one can derive (con-
sider MF) and/or not derive a fact of the form (ignore MF).
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9.5.1 Model Formulation Algorithms

Model formulation algorithms can be characterized as follows. Given

• A domain theory DT, consisting of a set of model fragments, assumption classes,
and other axioms,

• A structural description SD, consisting of a set of entities and statements about
them describing the structure of the system to be modeled,

• A queryQ, which is a question about some aspect of the system

The output is a coherent modelM such that some reasoning engine operating over
M can derive a sufficiently accurate answer toQ. By coherent, we mean that the mod-
eling choices throughout M are consistent with each other. For example, in thinking
about a home heating system, one might choose to ignore properties of the system’s
working fluid in a question about overall thermal capacity, but then it would not make
sense to include in M the relief valve used in the boiler. Any such model is called an
adequatemodel. Typically there can be more than one adequate model, but in general,
the more complex a model is, the more costly it is to compute with it. (Contrast, for
instance, a back of the envelope calculation of a home heating system’s efficiency with
a computational fluid dynamics simulation of its operation over an entire winter.) Thus
there is great interest in finding the simplest adequate model.

The original algorithm of Falkenhainer and Forbus [37] worked in two passes.
First, it instantiated all of the relevant constraints by instantiating every potentially
relevant model fragment from DT on SD. By using an assumption-based truth main-
tenance system, all sets of assumptions which would provide a model constraining
the terms in Q were found. Coherence was enforced by axioms relating modeling
constraints, e.g.,

(forAll ?sys
(implies (and (system ?sys) (consider (black-box ?sys)))

(forAll ?sub (implies (subsystem ?sub ?sys)
(not (consider ?sub))))))

That is, if one is treating a system as a black box, none of its subsystems should be
included inM . It was assumed that the smallest set of assumptions yielded the simplest
model. The initial set of propositions were then thrown away, and only the relevant
subset reinstantiated to produceM . While simple to implement, the exponential nature
of the ATMS computations made it quite inefficient for large systems.

The most efficient model formulation algorithm was developed by Nayak [87],
which operates in polynomial time. This algorithm is based on three assumptions:

1. Choices made in one assumption class cannot depend on choices made in oth-
ers.

2. Choices in an assumption class can be partially ordered with regard to simplic-
ity.

3. The optimality condition can be weakened from finding the simplest model to
finding a simplest model.
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Search for a model proceeds by walking up each assumption class implies by SD,
starting with a simplest choice from each, and moving upwards until an adequate
model is reached. Since the choices are independent, there is no need for backtrack-
ing due to found inconsistencies. The weaker optimality constraint means that the set
of simplest satisfactory models is a surface partitioning the adequate from inadequate
models, and any point on this surface is satisfactory by assumption, hence eliminating
the need to optimize simplicity.

An important property of complex systems is that they typically incorporate phe-
nomena that operate at multiple time-scales. For most of the lifetime of a building, for
example, most of the interesting changes that happen to a building are best described
in terms of months, years, and decades, rather than microseconds or millennia. For
a particular query Q, phenomena that operate at faster time-scales can be replaced
by functional relationships and phenomena that operate at slower time-scales can es-
sentially be ignored. Rickel and Porter [95, 96] demonstrate how to use this insight
in model formulation. Since the form of Q they focus on is explaining changes in
a parameter (an important task for intelligent tutoring systems and explanation more
generally), their adequacy criterion consists of finding at least one directly influenced
parameter in the causal account constructed. They use an elegant backchaining al-
gorithm that incrementally instantiates possible influence graphs based on the model
fragments of DT, starting with the fastest time-scale, and moving to slower time-scales
when an adequate model cannot be found.

9.6 Qualitative States and Qualitative Simulation

A traditional way to think about the behaviors of a complex system D consisting of a
set of N continuous parameters is to define the state space S(D) as a subset of �N .
We can define qualitative states as partitions on S(D), carving it up into regions in
which some set of relevant distinctions remains constant. The set of relevant distinc-
tions includes what model fragment instances are active and the qualitative values of
D’s parameters. The status of model fragment instances is necessary for distinguish-
ing qualitative states because they determine the causal constraints (including in some
models quantitative equations) that govern the system. The qualitative values of pa-
rameters are important because they help determine what state transitions may occur.
The difference between flood waters rising and falling, for example, is quite signifi-
cant.

Since there can be multiple adequate modelsM of D, there can of course be mul-
tiple qualitative representations of S(D). Let QS(M) be the set of qualitative states
implied by a model. QS(M) will be finite under two conditions: (1) The set of model
fragment instances must be finite and (2) the set of qualitative values for all parameters
must be finite. The first condition is satisfied when the structural description of D is
finite and the model fragments in DT can only create finite numbers of new individuals
for any finite structural description. The second condition is satisfied if landmark intro-
duction is not used—as noted above, landmark introduction can introduce an infinite
number of qualitative distinctions.

Finite does not necessarily imply small, of course. The earliest qualitative models,
which focused on modeling various kinds of motion (i.e., [24, 42]) used a small vo-
cabulary of types of actions and qualitative decompositions of state to describe space,
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leading to QS(M)s that were polynomial in the spatial complexity of D. Suppose one
has an N parameter model and uses the sign representation for qualitative values, and
there are M model fragment instances, each of which can be either active or inac-
tive. In the worst case, |QS(M)| = 3N ∗ 2M . For large-scale engineered systems, N
can be in the thousands andM can be in the hundreds. However, this worst-case esti-
mate assumes that every parameter and model fragment are independent, whereas in
reasonable domain theories, there is a strong network of constraints among them. As
described below, there are applications where it is worthwhile to generate QS(M) en-
tirely, but more often, subsets of QS(M) are generated incrementally on an as-needed
basis.

Qualitative simulation is generating a set of qualitative states from some given
initial state, constituting predictions about possible future behaviors of the system.
A qualitative state can have transitions to more than one possible next state, due to the
abstractness of qualitative representations. Generating all behaviors of some class is
called envisioning. The set of all states that are possible from some initial state S is the
attainable envisionment of S, which is a subset of the total envisionment of a model
(i.e., QS(M) itself). Typically tightly bounded subsets of QS(M) are generated, but
some applications (cf. [92]) require total envisionments.

An essential step in any qualitative simulation algorithm is finding transitions be-
tween states. Transitions between qualitative states occur when some condition of a
model fragment changes or when a qualitative value changes. Changes in the condition
of a model fragment typically reduce to changes in qualitative values (e.g., pressure
equilibrates, ending a flow), and otherwise is due to an action taken to change a propo-
sition in the model, which we will ignore for now, and focus only on value changes.

Suppose a quantity Q has limit point L in its quantity space, and in a qualita-
tive state S, Q < L. For Q to reach L, it must be the case that D(Q) > D(L).
Transition-finding requires finding such hypothetical changes (called limit hypotheses
in QP theory) and determining what, if any, transitions follow from them. Not all limit
hypotheses lead to state transitions, because, in the absence of discontinuous changes,
transitions between states must respect continuity. That is, if in state S1 Q < L, then
there cannot be a transition directly to a state S2 where Q > L, since there must be
some time during which Q = L before. (There are ways of modeling discontinuous
changes, cf. [71, 83, 84].) Transition-finding can be viewed as a constraint satisfac-
tion problem, finding the minimal-change model from the current qualitative state in
which the changes represented by a specific limit hypothesis hold, where continuity
constraints are not violated, and aspects of the situation that are not causally connected
to the changes are held constant. See [26, 44] and [75] for examples of algorithms.

Good qualitative simulation algorithms are complete, in that they generate the
entire space of possible behaviors, but unsound, because they can include predicted fu-
tures which are not actually possible. (Kuipers [75] prefers a less intuitive formulation
of these terms for qualitative simulation which enables it to be considered as sound but
incomplete.) Consider a spring-block oscillator, subject to static and dynamic friction.
Without friction, the envisionment of such an oscillator consists of eight states. Con-
sidering dynamic friction adds an additional state, corresponding to the block coming
to rest where the spring is relaxed. Considering static friction adds two additional
states, one where the block is stopped and the spring is slightly compressed, the other
where the block is stopped and the spring is slightly stretched. Suppose one allows
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landmark introduction in reasoning about this system. Each maximal excursion of the
block from the resting position of the spring then becomes a new landmark. In the
physically correct qualitative simulation of this system, each subsequent landmark is
closer to the resting position than the previous one. However, in the simplest spring-
block oscillator formulation, there is nothing to prevent subsequent landmarks from
being larger, smaller, or the same. In other words, there are paths through the set of
qualitative states that do not correspond to any behavior of a real physical spring-block
system, even though locally every state transition is correct.

With enough additional constraints, typically in the form of energy constraints
(cf. [75]), the possible behaviors can be trimmed appropriately, for at least some sys-
tems. However, it is an open question as to how much information it takes to ensure
soundness of predictions from qualitative simulation in the general case. If we take
detailed numerical simulations as stand-ins for physical behavior, then there is a clear
lower bound on abstractness—floating point numbers. But whether a more abstract
level of representation exists that is always sufficient remains unknown. Given the
ways that qualitative simulations are used, this question has proven less than urgent.
Qualitative simulations are typically used to frame analyses by proposing behaviors,
which are then examined as needed by more detailed models or confirmed/ruled out
by data. Some spurious behaviors are, empirically, a small price to pay for the value
these models provide.

9.7 Qualitative Spatial Reasoning

The ability of qualitative representations to provide a bridge between the perceptual
and conceptual, by imposing discrete, symbolic frameworks on the continuous world,
is perhaps most strongly evident in qualitative spatial reasoning. We start with purely
qualitative representations, and then describe diagrammatic representations. The inter-
ested reader should also see the Spatial Reasoning chapter in this Handbook.

9.7.1 Topological Representations

The most fundamental qualitative representations of space are centered around topol-
ogy, that is, how things are connected. Connectivity is important because it is a factor
in determining whether, and how, a set of entities might interact. The best-known rep-
resentation is RCC8, the Region Connection Calculus with 8 relationships [19]. RCC8
defines eight mutually exclusive and jointly exhaustive relationships between 2D re-
gions: equal (=), non-tangential proper part (NTTP), tangential proper part (TTP),
partially overlapping (PO), edge coupled (EC), disjoint (DC), plus the inverses NTTPi
and TTPi. Intuitively, NTTP means that one thing is completely inside the other, while
TTP means that the inside thing shares a surface with the outside thing, but other-
wise is completely inside it. The sequence of relationships NTTP, TTP, PO, EC, DC
captures the changes in connectivity as something moves from inside something to
outside it, whereas the reverse sequence captures what happens when something is
absorbed or ingested. A transitivity table defines what can be inferred about the rela-
tionship between regions R1 and R3, given a third region R2 and knowledge about the
relationships between R1 and R2 and R2 and R3.
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A variety of more complex schemes have been developed, to handle different
degrees and/or dimensions of overlap, multiple piece regions, holes, and other topo-
logical phenomena (cf. [32, 17]). See [20] for an excellent survey.

9.7.2 Shape, Location, and Orientation Representations

For entities with spatial extent, their shape is one of their most fundamental properties.
Qualitative shape representations focus on carving up complex objects into parts, for
purposes of recognition or for ascertaining functional properties, e.g., could something
serve as a handle? Hoffman and Richards [62] suggest that the human visual system
uses the sign of boundary curvature as one partitioning constraint. Museros and Escrig
[85] show how additional information, including relative lengths of sides and qualita-
tive descriptions of angles, can be used with curvature decomposition to match tiles in
mosaics. Nielsen [89] showed that, for reasoning about motion, shape decompositions
also need to take into account mechanical constraints, such as centers of rotation.

Purely qualitative notions of orientation have been developed for a variety of pur-
poses. For example, Kim [70] shows how representing angles in terms of quadrants
and relative inclination to define a qualitative vector algebra powerful enough to reason
about the motion of four-bar linkages. One of the most important uses of orientation
is in creating purely qualitative descriptions of location. Freksa [54] uses orientation
to introduce conceptual neighborhoods for defining locations. Clementini et al. [18]
use Hernandez’ [60] representation of orientation to define qualitative representations
of position and distance. An alternate approach is that of Bittner and Smith [8], which
defines location relative to a set of regions that partitions space (e.g., the provinces of
a country), thus reducing position to qualitative topology.

9.7.3 Diagrammatic Reasoning

Qualitative spatial reasoning suffices for some tasks, but not for all. Metric informa-
tion is simply necessary for some tasks: Predicting whether or not a pair of gears
will bind, for instance, requires high-precision shape representations. Between these
two extremes, it is often more efficient or more convenient to use metric information.
Such approaches are often called diagrammatic reasoning, since they rely on repre-
sentations that serve functional roles similar to that of diagrams or sketches in human
spatial reasoning.

Metric diagram/place vocabulary model

The metric diagram/place vocabulary model [45] characterizes the relationship be-
tween diagrammatic and qualitative reasoning as follows. Conceptually, a metric di-
agram provides the same services for a reasoning system as vision does for humans:
It identifies what entities are available, and provides a number of spatial operations
on them that can be treated as predicates by the reasoner, although they typically
are implemented by schemes that rely on, for example, computational geometry. This
general-purpose input description is used to compute qualitative representations (place
vocabularies) for specific tasks. In reasoning about motion through space, for example,
the place vocabulary consists of regions of free space, including areas like wells where
something can be trapped, depending on how much energy it has. In reasoning about
kinematic mechanisms (e.g., [38, 50, 68]), the place vocabulary consists of regions of
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configuration space, i.e., the joint angles of the parts of the mechanism. For reasoning
about trafficability [29], a GIS serves as the metric diagram, with the place vocabulary
being the no-go/slow-go/go regions a vehicle can travel in that a terrain analyst would
compute.

The Spatial Aggregation Language, described above, exploits the important insight
that for many problems, there is a hierarchical set of place vocabularies, each of which
rests on lower-level vocabularies.

Sketch understanding and cognitive vision

Qualitative representations provide a robust intermediate representation for handling
messy perceptual inputs. Given the naturalness of hand-drawn sketches, a growing
number of researchers have started to apply qualitative techniques to sketch under-
standing. Egenhofer [33] uses qualitative spatial topology to help formulate GIS
queries from hand-drawn sketches. Hammond and Davis [57] use a qualitative vocab-
ulary of relationships to describe representations for sketch recognition. Qualitative
spatial representations have been used to reason about sketch maps [51] and for solving
everyday physical reasoning problems by using analogies over sketches to formulate
qualitative models [73]. Second order analogies over qualitative representations com-
puted from sketches suffice to perform the original Evans [35] analogy task [104].

Research in cognitive vision uses qualitative representations to interpret visual
data. Understanding moving objects, such as traffic patterns, is aided by imposing
spatio-temporal continuity constraints via qualitative topology [21, 41]. A particularly
impressive example is the learning of a table-top game from audio-visual inputs [88].

9.8 Qualitative Modeling Applications

Much of the research in qualitative modeling has been driven by applications such
as those below. These are only a sample of the available papers, see the Qualitative
Reasoning Workshop proceedings (available on-line at several mirror sites) and jour-
nals/conference proceedings in the relevant application areas for more details.

For simplicity, we divide up the applications and application-oriented research into
three areas: Automating or assisting professional reasoning, education, and cognitive
modeling. We discuss each in turn.

9.8.1 Automating or Assisting Professional Reasoning

Professional reasoning typically involves combining qualitative models with either
more detailed quantitative models (e.g., early stages of design and analysis) or numer-
ical data (e.g., late stages of design and analysis, monitoring).

Engineering problem solving

The earliest known fielded QR applications were in process control [78] and in design-
ing photocopiers [102]. While the majority of the application efforts using qualitative
modeling involve engineering domains, these are surveyed in the Model-Based Rea-
soning chapter of this Handbook. Consequently, we focus on areas that are more
distant from the model-based reasoning community here.
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Creating systems that can understanding and design mechanical systems has been
one of the successes of qualitative modeling. Systems have been built that can under-
stand mechanisms such as clocks from scanned descriptions of the parts [50], simulate
mechanical designs with behavior discontinuities [98], generate designs from sketches
[103], and generate innovative designs via case-based adaptation [39]. These systems
use place vocabularies consisting of regions in configuration space, constructed from
quantitative representations (CAD data structures, sketches) which serve as metric di-
agrams.

The Spatial Aggregation Language described above has been used in a variety
of applications, including synthesizing thermal control strategies by deriving place-
ments for heat sources [2], data mining in spatial data sets [94], and interpreting spatial
data [64].

Economics and decision support

Informal qualitative reasoning has had a long history in economics [40], making for-
malized qualitative modeling a natural fit. For example, the utility of using qualitative
representations to structure quantitative data is illustrated by [97], who describe how to
use an order of magnitude representation to improve supervised learning for credit risk
prediction. The ability to explicitly characterize categories of outcomes makes qualita-
tive representations potentially valuable for supporting decision-making. For example,
[31] illustrates how ecosystem management strategies and their outcomes can be mod-
eled. Improving social science theories more generally, by providing formal tools for
working through the consequences of theories, is another promising application. For
example, [69] illustrate how to use qualitative modeling to work out consequences of
a particular theory of organizational ecology.

Ecology and bioinformatics

In ecology, data can be difficult to obtain, fragmentary, and/or non-existent, mak-
ing quantitative modeling often a highly speculative proposition. By capturing whole
classes of behaviors, qualitative models can be produced without making as many an-
cillary assumptions. This has lead to an increasing interest in qualitative modeling of
ecology (cf. [59, 100]), including papers by ecologists (cf. [90, 108]).

By contrast, the problem in bioinformatics is that of too much data. Here, the ability
of qualitative models to characterize abstract hypotheses provides a search space of
models that is more tractable for system identification from data. For example, [72]
describes how to learn models of glycolysis by inductive logic programming over
qualitative models. In silico experiments often use a variety of simulation paradigms;
Trelease and Park [107] show how qualitative models of immune functions can be used
to set up agent-based cellular automata simulations. de Jong and his collaborators have
developed the Genetic Network Analyzer (GNA) which has been used to study genetic
regulatory networks in a variety of organisms [23].

9.8.2 Education

Education is a natural application for qualitative modeling, since the closeness of qual-
itative models to human mental models can simplify the production of understandable
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explanations. In early science education, for example, most curriculum content is qual-
itative: What parameters and phenomena are relevant in different types of situations,
and causal models interrelating them. In later science education, such concerns remain
relevant, but with the additional complexity of incorporating quantitative mathematics.
Formalisms for qualitative models have thus seen widespread adoption at many levels
of education.

Modeling environments for education

Modeling environments can be divided into two types: Those where the primary type
of modeling is qualitative, and those where qualitative models are used as one compo-
nent in the modeling system. We start with the purely qualitative systems.

Concept maps are often used in education, but in a very free-form, open way. This
has the advantage that it is easy to get students as young as fourth grade to gener-
ate them, but the disadvantage that it is not clear what they mean, even to the students
themselves. Qualitative modeling formalisms provide a crisp but natural semantics that
can be used in concept mapping tools that are both usable by students and whose mod-
els can be reasoned with, to provide coaching. For example, in the Teachable Agents
project [7], a system was developed to help middle-school students create models of
stream ecosystems. Students would debug their explanations by thinking of themselves
as building “Betty’s Brain”, and would quiz the system, repairing their models until
“Betty” gave the right answers. The VModel system [46] is a general-purpose concept
mapping system that uses QP theory. It was designed for middle-school students to
learn science by model-building, and has been used by teachers in the Chicago Public
School system.

Both Betty’s Brain and VModel focus on single-state reasoning, since that is suf-
ficient for most middle-school science instruction. (For many middle-school students,
mastering the idea of parameter as used in science proves quite difficult.) However,
multi-state qualitative simulation is crucial for understanding more advanced phe-
nomena. VisiGarp [11] provides an environment for students to explore multi-state
qualitative simulations, filtering them according to imposed constraints and asking
questions about them. Homer [80] provides tools for students to create models, which
can then be explored via VisiGarp. Both of these systems, and their descendants,
are being used in projects for public education, to build an understanding of sustain-
able development and inform policy makers as to possible consequences of different
resource management decisions [99]. The challenge with such tools is that student
mistakes can often lead to massive simulations, and digging through the results to fig-
ure out what went wrong can be difficult. Making the modeling environments smarter
still, to characterize where the critical ambiguities are and make suggestions about
what to do about them, is an important research question.

The majority of modeling environments that use qualitative models use them in
combination with some variety of quantitative simulation or analysis tools. For ex-
ample, Model-It [66] provides an environment for students to do systems dynamics
modeling, using qualitative mathematics in the interface to provide a friendly front-
end to quantitative models that are then used with a traditional numerical simulator.
The Qualitative Analysis and Qualitative Simulation Laboratory [86] uses a combina-
tion of qualitative reasoning and numerical constraint reasoning to help students learn
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inorganic chemistry. LSDM [81] uses qualitative reasoning combined with simple nu-
merical models to help buyers learn about different financing options. CyclePad [52]
uses qualitative representations with numerical analysis and evidential reasoning to
help detect inconsistent designs and recognize intended teleology in students’ designs
of thermodynamic cycles [36]. These systems illustrate different ways that qualitative
modeling can be used to organize analyses and/or provide understandable results from
quantitative data.

Self-explanatory simulators and virtual reality

Simulations can be powerful tools for education, but interpreting their results is of-
ten hard for students. Self-explanatory simulators integrate qualitative models with
numerical simulations to provide causal explanations of the simulated behavior. Self-
explanatory simulators for specific systems can be constructed automatically from
domain theories that incorporate both qualitative and quantitative model fragments.
For example, the SIMGEN compiler [47] produces a simulator runtime that looks and
operates much like a traditional numerical simulator, but incorporates a compact en-
coding of a qualitative model that the compiler generated during the process of writing
the numerical code. The simulator produces qualitative histories in addition to numer-
ical values, for a small additional runtime cost of transition-finding (so that qualitative
transitions are detected, ensuring the coherence of the qualitative and quantitative ex-
planations) and storage for the history. Self-explanatory simulators have been used in
several curricula in the Chicago Public Schools.

Virtual reality systems, either using CAVE-style immersive environments or desk-
top game-technology environments, have traditionally been hard to author. By map-
ping model fragments onto an object-oriented runtime and doing real-time reasoning
about paths of interaction, qualitative models can be “assembled” as a side-effect of
actions taken in a VR environment [34]. Such techniques can be used to create training
systems (cf. [15]) and environments for virtual prototyping and artists (cf. [58]).

Conceptual tutoring

The potential for using qualitative modeling for coaching has only begun to be tapped.
For example, [28] showed that the dependency structures created during qualitative
reasoning could be manipulated to form a structure that could diagnose student errors
via standard model-based reasoning, where the “components” being debugged were
the ability to do particular operations or remember certain facts. In the Why2-Atlas tu-
toring system [67], qualitative models are being used with natural language processing
to attempt to understand student explanations well enough to identify misconceptions
and provide corrective feedback. These are exciting first steps at what could lead to a
revolutionary technology for education.

9.8.3 Cognitive Modeling

One of the inspirations for qualitative modeling was observations of human reasoning,
both about the everyday physical world and in the professional contexts of science
and engineering. Unfortunately, relatively little effort has gone into using qualitative
modeling to better understand human cognition, compared to more application-driven
research. This is a frontier that could lead to important results on how minds work.
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Mental models reasoning

Qualitative modeling has been used by a number of cognitive science efforts exploring
mental models [55], the representations that people use in their everyday lives to un-
derstand the world around them. Kuipers and Kassirer [76] argued that some medical
reasoning appears to be governed by qualitative models, based on an analysis of pro-
tocol data. Forbus and Gentner [48] used protocol evidence to argue that people use
multiple models of causation in everyday reasoning. White and Frederickson [109]
argue that a sequence of causal models is needed to help learners master a domain.

While existing studies of human reasoning suggest that the representations devel-
oped by the QR community may be psychologically plausible, there are reasons to
doubt the psychological plausibility of purely first-principles qualitative simulation
algorithms [49].

Natural language semantics

If qualitative models are part of the representational catalog used in human cognition,
then one would expect to see evidence of it in many relevant aspects of human cog-
nition. In particular, the semantics of natural language seems to be a natural place to
look for such connections, given that there are similarities in the event structure repre-
sentations commonly used in natural language semantics and in qualitative reasoning.
It is possible to map qualitative process theory onto FrameNet [4] style conventions,
and create natural language understanding systems that can construct formal qualita-
tive representations from controlled language text [77]. This is one of the areas where
a multidisciplinary approach will be needed to gain the deepest insights.

9.9 Frontiers and Resources

Qualitative modeling at this writing has a stable core of techniques, and a rapidly
expanding set of applications. These applications in turn will no doubt lead to the ex-
pansion of the library of techniques over time, as new problems are discovered and
addressed. While traditional application areas, such as engineering and education, re-
main active, part of the excitement is due to the growth of new application areas (e.g.,
robotics (cf. [53]), biology, cognitive modeling). The interested reader should also ex-
amine the chapter on Physical Reasoning in this Handbook, which examines logical
formalizations of common sense problems.

There are a number of resources available for learning more about qualitative mod-
eling. Most of the literature is available on-line; for example, the proceedings of the
International Qualitative Reasoning workshops, which started in 1987, are available
for free on-line at several mirror sites. Reference implementations of systems, in-
cluding Kuipers’ QSIM, Bredeweg’s GARP3, Northwestern’s VModel, CyclePad, and
self-explanatory simulators, are available as free downloads.

Bibliography

[1] K. Abbott, P. Schutte, M. Palmer, and W. Ricks. Faultfinder: a diagnostic expert
system with graceful degradation for onboard aircraft application. In 14th Int.
Symp. Aircraft Integrated Monitoring Syst., 1987.



388 9. Qualitative Modeling

[2] C. Bailley-Kellogg and F. Zhao. Spatial aggregation: Modeling and controlling
physical fields. In Proceedings of QR97, 1997.

[3] C. Bailley-Kellogg and F. Zhao. Qualitative spatial reasoning: Extracting and
reasoning with spatial aggregates. AI Magazine, 24:47–60, 2004.

[4] C. Baker, C. Fillmore, and J. Lowe. The Berkeley FrameNet Project. In Pro-
ceedings of COLING-ACL-98, 1998.

[5] D. Bell, D. Bobrow, B. Falkenhainer, M. Fromherz, V. Saraswat, and V. Shirley.
RAPPER: The copier modeling project. In Proceedings of QR94, 1994.

[6] R. Bellazzi, R. Guglielmann, and L. Ironi. A qualitative-fuzzy framework for
nonlinear black-box system identification. In Proceedings of QR95, 1995.

[7] G. Biswas, D. Schwartz, J. Bransford, and The Teachable Agents Group at
Vanderbilt. Technology support for complex problem solving: From SAD en-
vironments to AI. In K. Forbus and P. Feltovich, editors. Smart Machines in
Education. AAAI Press/MIT Press, Menlo Park, CA, USA, 2001.

[8] T. Bittner and B. Smith. Vagueness and granular partitions. In Proceedings of
FOIS2001. ACM Press, 2001.

[9] D. Bobrow, B. Falkenhainer, A. Farquhar, R. Fikes, K. Forbus, T. Gruber,
Y. Iwasaki, and K. Kuipers. A compositional modeling language. In Proceed-
ings of QR96, 1996.

[10] A. Bonarini and G. Bontempi. A qualitative simulation approach for fuzzy dy-
namical models. Modeling and Computer Simulation, 4(4):285–313, 1994.

[11] A. Bouwer and B. Bredeweg. VisiGarp: Graphical representation of qualitative
simulation models. In Proceedings of QR01, 2001.

[12] E. Bradley. Autonomous exploration and control of chaotic systems. Cybernet-
ics and Systems, 26:299–319, 1995.

[13] B. Bredeweg. Expertise in qualitative prediction of behavior. PhD thesis, Uni-
versity of Amsterdam, The Netherlands, 1992.

[14] C. Catino and L. Ungar. Model-based approach to automated hazard identifica-
tion of chemical plants. AIChE Journal, 41(1):97–109, 1994.

[15] M. Cavazza and A. Simo. Qualitative physiology: From qualitative processes to
virtual patients. In Proceedings of QR03, 2003.

[16] T. Chou and M. Winslette. A model-based belief revision system. Journal of
Automated Reasoning, 12(2):157–208, 1994.

[17] D. Clementini, P. Di Felice, and P. Oosterom. A small set of formal topological
relationships suitable for end-user interaction. In D. Abel and B. Ooi, editors.
Advances in Spatial Databases: Proc. 3rd Int. Symposium on Spatial Databases
(SSD’93), LNCS, vol. 692, pages 277–295. Springer-Verlag, 1993.

[18] E. Clementini, P. Di Felice, and D. Hernandez. Qualitative representation of
positional information. Artificial Intelligence, 95(2):317–356, 1997.

[19] A. Cohn, B. Bennett, J. Gooday, and N. Gotts. Qualitative spatial representa-
tion and reasoning with the region connection calculus.Geoinformatica, 1:1–44,
1997.

[20] A.G. Cohn and S.M. Hazarika. Qualitative spatial representation and reasoning:
An overview. Fundamenta Informaticae, 46(1–2):1–29, 2001.

[21] A. Cohn, D. Magee, A. Galata, D. Hogg, and S. Hazarika. Towards an architec-
ture for cognitive vision using qualitative spatio-temporal representations and
abduction. In C. Freksa, C. Habel, and K. Wender, editors. Spatial Cognition
III, LNCS, pages 232–248. Springer, 2002.



K.D. Forbus 389

[22] D. de Coste. Dynamic across-time measurement interpretation. Artificial Intel-
ligence, 51:273–341, 1991.

[23] H. de Jong, J. Geiselmann, G. Batt, C. Hernandez, and M. Page. Qualitative
simulation of the initiation of sporulation in Bacillus subtillis. Bulletin of Math-
ematical Biology, 66(2):216–300, 2004.

[24] J. de Kleer. Multiple representations of knowledge in a mechanics problem
solver. In Proc. IJCAI-77, pages 299–304, 1977.

[25] J. de Kleer. How circuits work. Artificial Intelligence, 24:205–280, 1984.
[26] J. de Kleer and J.S. Brown. A qualitative physics based on confluences. Artificial

Intelligence, 24:7–83, 1984.
[27] J. de Kleer. An assumption-based truth maintenance system. Artificial Intelli-

gence, 28:127–162, 1986.
[28] K. de Koning, B. Bredeweg, J. Breuker, and B. Wielinga. Model-based reason-

ing about learner behaviour. Artificial Intelligence, 117(2):173–229, 2000.
[29] J. Donlon and K. Forbus. Using a geographic information system for qualitative

spatial reasoning about trafficability. In Proceedings of QR99, 1999.
[30] R. Doyle. Determining the loci of anomalies using minimal causal models. In

Proc. IJCAI-95, pages 1821–1827, 1995.
[31] K. Eisenack. Qualitative viability analysis of a bio-socio-economic system. In

Proceedings of QR03, 2003.
[32] M. Egenhofer. Deriving the composition of binary topological relations. Journal

of Visual Languages and Computing, 5(2):133–149, 1994.
[33] M. Egenhofer. Query processing in spatial query-by-sketch. Journal of Visual

Languages and Computing, 8(4):403–424, 1997.
[34] C. Erignac. Interactive semi-qualitative simulation. In Proceedings of QR00,

2000.
[35] T. Evans. A program for the solution of a class of geometric-analogy intelligence

test questions. In M. Minsky, editor. Semantic Information Processing. MIT
Press, 1968.

[36] J. Everett. Topological inference of teleology: Deriving function from structure
via evidential reasoning. Artificial Intelligence, 113(1–2):149–202, 1999.

[37] B. Falkenhainer and K. Forbus. Compositional modeling: finding the right
model for the job. Artificial Intelligence, 51:95–143, 1991.

[38] B. Faltings. Qualitative kinematics in mechanisms. Artificial Intelligence,
44(1):89–119, 1990.

[39] B. Faltings and K. Sun. FAMING: Supporting innovative mechanism shape de-
sign. Computer-Aided Design, 28:207–216, 1996.

[40] A. Farley and K. Lin. Qualitative reasoning in economics. Journal of Economic
Dynamics and Control, 14:465–490, 1990.

[41] J. Fernyhough, A.G. Cohn, and D. Hogg. Constructing qualitative event models
automatically from video input. Image and Vision Computing, 18:81–103, 2000.

[42] K. Forbus. Spatial and qualitative aspects of reasoning about motion. In Pro-
ceedings of AAAI-80, 1980.

[43] K. Forbus. Qualitative process theory. Artificial Intelligence, 24:85–168, 1984.
[44] K. Forbus. QPE: A study in assumption-based truth maintenance. International

Journal of Artificial Intelligence in Engineering, 1989.



390 9. Qualitative Modeling

[45] K. Forbus. Qualitative spatial reasoning: Framework and frontiers. In J. Glas-
gow, H. Narayanan, and B. Chandrasekaran, editors. Diagrammatic Reasoning:
Computational and Cognitive Perspectives. AAAI Press, 1994.

[46] K. Forbus, K. Carney, B. Sherin, and L. Ureel. VModel: A visual qualitative
modeling environment for middle-school students. In Proceedings of the 16th
Innovative Applications of Artificial Intelligence Conference, San Jose, July,
2004.

[47] K. Forbus and B. Falkenhainer. Scaling up self-explanatory simulators:
Polynomial-time compilation. In Proceedings of IJCAI-95, 1995.

[48] K. Forbus and D. Gentner. Causal reasoning about quantities. In Proceedings of
the Eighth Annual Conference of the Cognitive Science Society, Amherst, MA,
August, 1986.

[49] K. Forbus and D. Gentner. Qualitative mental models: Simulations or mem-
ories? In Proceedings of the Eleventh International Workshop on Qualitative
Reasoning, Cortona, Italy, 1997.

[50] K. Forbus, P. Nielsen, and B. Faltings. Qualitative spatial reasoning: the CLOCK
project. Artificial Intelligence, 51:417–471, 1991.

[51] K. Forbus, J. Usher, and V. Chapman. Sketching for military courses of action
diagrams. In Proceedings of IUI’03, Miami, FL, January, 2003.

[52] K. Forbus, P. Whalley, J. Everett, L. Ureel, M. Brokowski, J. Baher, and
S. Kuehne. CyclePad: An articulate virtual laboratory for engineering thermo-
dynamics. Artificial Intelligence, 114:297–347, 1991.

[53] G. Fraser, G. Steinbauer, and F. Wotawa. Application of qualitative reasoning to
robotic soccer. In Proceedings of QR04, 2004.

[54] C. Freksa. Using orientation information for qualitative spatial reasoning. In
A. Frank, I. Campari, and U. Formentini, editors. Theories and Methods of
Spatio-Temporal Reasoning in Geographic Space, LNCS, vol. 639. Springer-
Verlag, Berlin, 1992.

[55] D. Gentner and A. Stevens, editors. Mental Models. Erldaum, Hillsdale, NJ,
1983.

[56] F. Guerrin. Qualitative reasoning about an ecological process: Interpretation in
hydroecology. Ecological Modeling, 59:165–201, 1991.

[57] T. Hammond and R. Davis. LADDER: A language to describe drawing, display,
and editing in sketch recognition. In Proceedings of IJCAI 2003, 2003.

[58] S. Hartley, M. Cavazza, J. Lugrin, and M. Le Bras. Visualization of qualitative
processes. In Proceedings of QR04, 2004.

[59] U. Heller and P. Struss. Transformation of qualitative dynamic models—
application in hydro-ecology. In Proceedings of QR96, 1996.

[60] D. Hernandez. Qualitative Representation of Spatial Knowledge. Lecture Notes
in Artificial Intelligence, vol. 804. Springer, Berlin, 1994.

[61] T. Hickey, Q. Ju, and M.H. Van Emden. Interval arithmetic: From principles to
implementation. Journal of the ACM, 48(5):1038–1068, 2001.

[62] D. Hoffman and W. Richards. Parts of recognition. Cognition, 18:65–96, 1984.
[63] X. Huang and F. Zhao. Relation based aggregation: Finding objects in large

spatial datasets. Intelligent Data Analysis, 4:129–147, 2000.
[64] L. Ironi and S. Tentoni. In Electrocardiographic Imaging: Towards Automated

Interpretation of Activation Maps, Lecture Notes in Artificial Intelligence,
vol. 3581, pages 323–332. Springer, 2005.



K.D. Forbus 391

[65] Y. Iwasaki and H. Simon. Theories of causal observing: reply to de Kleer and
Brown. Artificial Intelligence, 29(1):63–68, 1986.

[66] S. Jackson, S. Stratford, J. Krajcik, and E. Soloway. Making system dynamics
modeling accessible to pre-college science students. Interactive Learning Envi-
ronments, 4(3):233–257, 1996.

[67] P. Jordan, M. Makatchev, U. Pappuswamy, K. VanLehn, and P. Albacete. A nat-
ural language tutorial dialogue system for physics. In Proceedings of the 19th
International FLAIRS Conference, 2006.

[68] L. Joskowicz and E. Sacks. Automated modeling and kinematic simulation of
mechanisms. Computer Aided Design, 25(2), 1993.

[69] J. Kamps and G. Peli. Qualitative reasoning beyond the physics domain: The
density dependence theory of organizational ecology. In Proceedings of QR95,
1995.

[70] H. Kim. Qualitative kinematics of linkages. In B. Faltings and P. Struss, editors.
Recent Advances in Qualitative Physics. MIT Press, Cambridge, MA, 1992.

[71] H. Kim. Qualitative reasoning about fluids and mechanics. PhD thesis and ILS
Technical Report, 1993.

[72] R. King, S. Garrett, and G. Coghill. On the use of qualitative reasoning to sim-
ulate and identify metabolic pathways. Bioinformatics, 21:2017–2026, 2005.

[73] M. Klenk, K. Forbus, E. Tomai, H. Kim, and B. Kyckelhahn. Solving every-
day physical reasoning problems by analogy using sketches. In Proceedings of
AAAI-05, 2005.

[74] B. Kuipers. Qualitative simulation. Artificial Intelligence, 29:289–338, 1986.
[75] B. Kuipers. Qualitative Reasoning: Modeling and Simulation with Incomplete

Knowledge. MIT Press, Cambridge, MA, 1994.
[76] B. Kuipers and J. Kassirer. Causal reasoning in medicine: Analysis of a protocol.

Cognitive Science, 8:363–385, 1984.
[77] S. Kuehne and K. Forbus. Capturing QP-relevant information from natural lan-

guage text. In Proceedings of QR04, 2004.
[78] S. Le Clair, F. Abrams, and R. Matejka. Qualitative process automation: self

directed manufacture of composite materials. Artif. Intell. Eng. Design Manuf.,
3(2):125–136, 1989.

[79] M. Lundell. A qualitative model of physical fields. In Proceedings of AAAI-96,
1996.

[80] B. Machado and B. Bredeweg. Building qualitative models with HOMER:
A study in usability and support. In Proceedings of QR-03, 2003.

[81] T. Matsuo, T. Shintani, and T. Ito. An economic education support system based
on qualitative/quantitative simulations. In Proceedings of QR04, 2004.

[82] J. McCarthy. Elaboration tolerance. In CommonSense ’98 and http://www-
formal.stanford.edu/jmc/elaboration.html, 1998.

[83] P. Mosterman and G. Biswas. Modeling discontinuous behavior with hybrid
bond graphs. In Proceedings of QR95, pages 139–147, Amsterdam, May, 1995.

[84] P. Mosterman and G. Biswas. Deriving discontinuous changes for reduced order
systems and the effect on compositionality. In Proceedings of QR99, 1999.

[85] L. Museros and M. Escrig. A qualitative theory for shape representation and
matching. In Proceedings of QR04, 2004.



392 9. Qualitative Modeling

[86] S. Mustapha, P. Jen-Sen, and S. Zain. Application qualitative process theory to
qualitative simulation and analysis of inorganic chemical reaction. In Proceed-
ings of QR02.

[87] P. Nayak. Causal approximations. Artificial Intelligence, 70:277–334, 1994.
[88] C. Needham, P. Santos, D. Magee, V. Devin, D. Hogg, and A. Cohn. Protocols

from perceptual observations. Artificial Intelligence, 167:103–136, 2005.
[89] P. Nielsen. A qualitative approach to mechanical constraint. In Proc. AAAI-88,

1988.
[90] T. Nuttle, B. Bredeweg, and P. Salles. Qualitative reasoning about food webs:

Exploring alternate representations. In Proceedings of QR04, 2004.
[91] J. Pearl. Causality: Models, Reasoning, and Inference. Cambridge University

Press, 2000.
[92] C.J. Price. AutoSteve: Automated electrical design analysis. In Proceedings

ECAI-2000, pages 721–725, August 2000.
[93] O. Raiman. Order of magnitude reasoning. Artificial Intelligence, 1991.
[94] N. Ramakrishnan, C. Bailey-Kellogg, S. Tadepalli, and V. Pandey. Gaussian

processes for active data mining of spatial aggregates. In Proceedings of QR04,
2004.

[95] J. Rickel and B. Porter. Automated modeling for answering prediction ques-
tions: selecting the time scale and system boundary. In Proc. AAAI-94,
pages 1191–1198, 1994.

[96] J. Rickel and B. Porter. Automated modeling of complex systems to answer
prediction questions. Artificial Intelligence, 93:201–260, 1997.

[97] X. Rovira, N. Agell, M. Sanchez, F. Prats, and X. Parra. An approach to qual-
itative radial basis function networks over orders of magnitude. In Proceedings
of QR04, 2004.

[98] E. Sacks and L. Joskowicz. Automated modeling and kinematic simulation of
mechanisms. Computer-Aided Design, 25(2):107–118, 1993.

[99] P. Salles and B. Bredeweg. Constructing progressive learning routes through
qualitative simulation models in ecology. In Proceedings of the Fifteenth Inter-
national Workshop on Qualitative Reasoning, San Antonio, TX, USA, 2001.

[100] P. Salles, B. Bredeweg, and S. Araujo. Ecological Modelling, 194:80–89, 2006.
[101] Q. Shen and R. Leitch. Fuzzy qualitative simulation. IEEE Transactions on Sys-

tems, Man, and Cybernetics, 23(4):1038–1061, 1993.
[102] Y. Shimomura, S. Tanigawa, Y. Umeda, and T. Tomiyama. Development of self

maintenance photocopiers. In Proc. IAAI-95, pages 171–180, 1995.
[103] T.F. Stahovich, R. Davis, and H. Shrobe. Generating multiple new designs from

a sketch. Artificial Intelligence, 104:211–264, 1998.
[104] E. Tomai, A. Lovett, and K. Forbus. A structure-mapping model for solving

geometric analogy problems. In Proceedings of the 27th Annual Conference of
the Cognitive Science Society, pages 2190–2195, 2005.

[105] L. Trave-Massuyes and N. Piera. The orders of magnitude models as qualitative
algebras. In Proceedings of IJCAI-89, Detroit, USA, 1989.

[106] L. Trave-Massuyes, F. Prats, M. Sanchez, and N. Agell. Consistent relative and
absolute order-of-magnitude models. In Proceedings of QR-2002, Sitges, Spain,
2002.



K.D. Forbus 393

[107] R. Trelease and J. Park. Qualitative process modeling of cell–cell-pathogen
interactions in the immune system. Computer Methods and Programs in Bio-
medicine, 51:171–181, 1996.

[108] D. Tullos, M. Neumann, and J. Sanchez. Development of a qualitative model for
investigating benthic community response to anthropogenic activities. In Pro-
ceedings of QR04, 2004.

[109] B. White and J. Fredrickson. Causal model progressions as a foundation for
intelligent learning environments. Artificial Intelligence, 42(1):99–157, 1990.

[110] B. Williams. A theory of interactions: unifying qualitative and quantitative al-
gebraic reasoning. Artificial Intelligence, 51(1–3):39–94, 1991.

[111] K. Yip. KAM: A System for Intelligently Guiding Numerical Experimentation by
Computer. MIT Press, Cambridge, MA, 1991.



This page intentionally left blank


